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Abstract 

In this paper, we prove the existence of smooth initial data for the 2D free boundary incompressible 
Navier-Stokes equations, for which the smoothness of the interface breaks down in finite time into a 
splash singularity. 
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1 Introduction 

In this paper, we prove that an initially smooth solution of the 2D water wave equation with non-zero 
viscosity may break down in finite time by forming a splash singularity, see Figure [T] 

The analogous result for inviscid water waves was proven in our previous paper [S]. The strategy 
there was to start with a splash configuration and solve backwards in time. To do so, we first made a 
conformal map (essentially a branch of the square root) P(z) from physical space to the “tilde domain” 
and then adapted the proof of Ambrose-Masmoudi [S] (see also m) of short time existence of solutions 
of the inviscid water wave equation. 

The strategy of [2] cannot work for the present case of nonzero viscosity, since the equations cannot 
be solved backwards in time. We will instead make use of the transformation to the tilde domain in a 
new way, which we explain below. 

We refer the reader to the further historical discussion at the end of the introduction, including 
references to alternate proofs by Coutand-Shkoller of several of our results. 

Let us first present the inviscid and viscous water wave equations, next define a splash singularity, 
and then state our main result. 

The 2D water wave equations govern a system consisting of water, vacuum and the interface between 
them. At time t £ R, the water occupies a region f l(t) C R 2 , and the vacuum occupies the complementary 
region R 2 \fl(t). For points x in the water region Cl(t), the velocity of the water at position x and time t 
is u(x,t) £ R 2 , and the pressure is p(x,t) £ R. Thus, u(x,t),p(x,t) are defined only for x £ fi(t); finding 
f2(t) is part of the problem. 
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We assume here that the interface dfi(t) C K is a smooth simple closed curve, which we write in 
parametric form: 


l(t) = {z(a,t) : a £ R/Z}, 

where z : R/Z —> R 2 is smooth and satisfies the chord-arc condition 

| z{a,t) — z(a',t) | > CA(t)\\a — a\\ for ot,a £ R/Z. 

Here, CA(t) > 0 is the “chord-arc constant”, and ||o — o'|| denotes the distance from a to a' in R/Z. 
The parametrization of the interface has no physical meaning, and can be picked to simplify our 
analysis. 

The inviscid water wave equations are as follows: 

{dt+u- V x )u(x, t ) = —\7 x p{x, t) for x £ fi(i) 
di vu(x, t) = 0 for x e fi(f) 
curlu(x, t) = 0 for x £ fi(f) 
p(x, t) = 0 for x £ dfl{t) 

d t z{a , t) = 11 ( 2 ( 0 , t),t) + c(a, t)d a z(a , t) for a £ R/Z. (1) 

(The last equation asserts that the interface moves with the fluid. The function c(a, t) affects only 
the parametrization of the interface, and may be chosen arbitrarily). 

The initial conditions for inviscid water waves are as follows: 

• ff(0) = Ho (a given domain bounded by a smooth simple closed curve). 

• u(x, 0) = uo (a given smooth divergence-free irrotational vector field) for x £ flo- 

For water waves with nonzero viscosity, the relevant equations take the following form in suitable 
units: 


{dt + u- V x )u{x, t) = A X u(x, t) — V x p{x , t) for x £ H(t) 
divw(a:, t) = 0 for x £ H(f) 

(pi — (V« + (Vu)*)) n = 0, for x £ dfl{t) 

d t z{a , t) = u(z{a , t), t) + c(a, t)d a z{a , t) for a £ R/Z. (2) 

Again, c(a, t ) may be chosen arbitrarily. 

The initial conditions are: 

• H(0) = H 0 (as before). 

• u(x, 0) = uo for x £ Ho, where uq is a given smooth divergence-free vector field on Ho, satisfying 
the constraint 

• Uq ((Vuo + (Vito)*)) no = 0 on 3Ho- 

Next, we adapt from [5] the definition of a splash singularity for the compact case: 

Note that the inviscid water wave equations © have a symmetry under time reversal, but the viscous 
equations © have no such symmetry. This reflects the presence of the Euler equation in © and the 
Navier-Stokes equation in ©. 

Definition 1.1 We say that z{a ) = {z\ (a), 22 (a)) is a splash curve if 

1. Z\ (a), Z 2 {a) are smooth functions and 2i:-periodic. 

2. z{a) satisfies the arc-chord condition at every point except at aq and a. 2 , with aq < a 2 where 
z{a\) = 2 ( 0 : 2 ) and |z a (oq)|, \z a {ot 2 )\ > 0. This means 2 ( 01 ) = 2 ( 02 ); but if we remove either a 
neighborhood of aq or a neighborhood 0/02 in parameter space, then the arc-chord condition holds. 
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3. The curve z(a) separates the complex plane into two regions; a connected water region and a vacuum 
region (not necessarily connected). We choose the parametrization such that the normal vector 
n = Z |Q^ a z ^°| Zl ^ a ^ points to the vacuum region. We regard the interface to be part of the water 

region. 


f. We can choose a branch of the function P on the water region such that the curve z(a) = (Si (a), 2 : 2 ( 0 :)) 
P(z(a)) satisfies: 


(a) Si (a) and £ 2 ( 0 ) are smooth and 2 tt- periodic. 

(b) z is a closed contour. 

(c) z satisfies the arc-chord condition. 


Here are two examples of curves which are not splash curves (see Figure [5]). 




Figure 2: Two examples of non splash curves. 

We can now state the main result of this paper: 

Theorem 1.2 There exists a solution of the viscous water wave equation that remains smooth for times 
t G [0, £*) but forms a splash singularity at time f*. 

Next, we recall from [9] how to produce the inviscid water wavesQ that end in a splash at time t* > 0. 
We start with the splash S2(t*), «(•, f*) and solve the inviscid equations (jT|) backwards in time. It is well 
known that the inviscid equations © can be solved (forward or backwards in time) starting from smooth 
initial data (See S. Wu [35] and [23) for a comprehensive list of references) The difficulty here is that the 
initial f2(£*) is singular. To overcome this difficulty, we make a slit T in the complex plane as in Figured 
and then make the conformal mapping z = P{z) for z G C \ T; here P(z) is a branch of yfz. The inverse 
map is simply P _1 (5) = zr, which of course is well defined and smooth on the whole complex plane. 

We want a solution of © for which fl(f*) is as in Figure U but for times t < t* (t close to f*), fl(f) 
avoids the slit T. The corresponding domains Cl(t) in the tilde domain (i.e. Cl(t) = P(£l(t)) ) behave as 
in Figure [T] 

1 We treat here the case in which the water region Q(t) C l 2 is a bounded region. In [9], we studied the case in which 
f2(£) is periodic with respect to horizontal translation as in Figure[3] In this introduction we ignore the distinction between 
the compact and periodic cases. 
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splash domain 



(a) The z-plane. (b) The 5-plane. 

Figure 4: Desingularization of the splash domain. 




(a) (b) 

Figure 5: Evolution of a splash in the tilde world for t = t* and t < f*. 


In [5] we give simple transformation laws that allow us to pass from the velocity u(x, t ) and pressure 
p{x,t) (defined for x € 17(f)) to a transformed velocity and pressure u(x,t),p(x,t), defined for x € 

We can then write down the analogue of the inviscid water wave equations © in the tilde domain. 
We call these equations ©; they govern the evolution of 17(f), u(x, £) backwards in time, with initial 
conditions at t = £*. 

Note that, whereas f2(£*) is singular (its chord-arc constant is zero), J7(£*) is bounded by a smooth 
simple closed curve. Moreover, the transformed water wave equation © behave much like the original 
equations ©. Adapting the energy estimates of Ambrose and Masmoudi [3], we prove existence of a 
smooth solution of © for times t £ [£* — £, £* + e], with I7(£*) as in Figure^ As long as 17(f) avoids P(T) 
for all f £ [f, - £,£*), we obtain a corresponding solution of © with f l(t) = P _1 ( 17(f)) a smooth simple 
closed curve for f € [f* — e,£*), We can guarantee that 17(f) avoids P(r) for £ € [f* — £, £*) by taking e 
smaller and carefully picking the initial velocity u at the two points z sp iash,i and z sp i a sh ,2 in Figure [T| 
Thus, we have produced an inviscid water wave that starts out smooth at time £* — s and ends in a splash 
at time f*. 

This concludes our discussion of the inviscid water wave equations ©• 

We pass to the viscous case, where we no longer have the luxury of solving backwards in time. Just 
as in the inviscid case, there is an analogue of the water wave equations © in the tilde domain, which 
we call equations © ( we won’t write them out in the introduction, see section [2] for a precise definition). 

The unknowns in the tilde domain are a time-varying domain fl(£), a velocity field u(x,t) and a 
pressure p(x,t) with u,p defined for x € f2(f). 

The relationship between equations © and equations © is as follows: 

Every solution fl(t), u(-, t),p(-, t) of (© such that H(t) avoids the slit T gives rise to a solution 
£l(t),u(-,t),p(-,t) of (©, with fl(t) = P(fl(£)). On the other hand, let £l(t),u(-,t),p(-,t) be a solu¬ 
tion of ©. We would like to define a solution f l(t),u(-,t),p(-,t) of © such that f l(t) = P -1 (f)(f)). 
However, this may not be possible, because P -1 (dfi(t)) may self-intersect, as in Figures [6(b)| and 6(c) 
In particular, P _1 (9f2(£)) in Figure 6(c) is clearly not the boundary of any physically meaningful water 
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Figure 6: Possibilities for P 1 (f2(t)). 


region. 

The good news is that Figures [6 (b)| and 6(c) are the only obstructions; as long as P _1 (90(^)) is as in 
Figure 6(a)| we can easily pass from our solution 0(f), «(•,£),p(-,£) of © to a solution f l(t),u(-,t),p(-,t) 
of © with 0(f) = .P _1 (0(£)). 

Let us now solve equations © for times t > 0, starting with smooth initial 17(0) and u(-, 0). Adapting 
the analysis of Beale [5] from © to the tilde domain, we prove that smooth solutions 0(f), u(-, t),p(-,t) of 
© with the given initial conditions exist for short time, i.e. for t £ [0, T] with small positive T depending 
on O(0),u(-,0). Moreover, the solutions of © depend stably on the initial conditions. 

For suitable one-parameter families of initial conditions O £ (0), u e (-, 0) depending on a small parameter 
e, there is a family of smooth solutions O e (£), u e (-, £),p e (-,£) solving © up to time T, with ||<90 e (£) — 
90(f) || = 0(e) in a suitable norm || • ||. 

We are ready to combine the ingredients above. We start with smooth initial conditions 17(0), -£/.(-, 0) 
with P _1 (90(0)) as in Figure |6(b)| Solving © for a short time, we obtain smooth solutions O(f), u(-, 
for times t £ [0,T] (some T > 0). By making T smaller and picking the initial velocity u(-,0) so that 
u(z sp i as h, i,0) and u(z sp iash, 2 ,fy point in the right direction, we can guarantee that P~ 1 (90(T)) behaves 


t) 
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as in Figure 6(c) 


Next, we pick a one-parameter family of initial conditions f2 E (0) and u E (-, 0) perturbing our f2(0), u (•, 0). 
We can easily arrange that for small positive e, P~ 1 (dfl e ( 0)) looks like Figure |6(a)| even though 
P _1 (<9D(0)) is as in Figure [6(b)] The perturbed solution f \(t),u £ (-,t),p E (-,t) will satisfy ||<9D E (T) — 
<90(W)|| = O(e). Hence, for e > 0 small enough, P~ 1 (dLl e (T)) will be as in Figure |6(c)j since the same 
holds for P~ 1 {dLl(T)). For such e, P~ 1 (dLl e (t)) starts out as in Figure 6(a) for t = 0 and ends as in 
Figure [6(c)1 for t = T. Fix such an e and let 


i* = inf jf G [0, X 1 ] : P 1 (dCl E (t)) is as in Figure |6(b)1 or |6(c) j> 


Then, 0 < f* < T, P~ 1 (dCl e (t if )) is as in Figure |6(b)| and P~ 1 (dD e {t)) is as in Figure 
0 < t < t*. Consequently, Cl E (t),u e (-,t),p E (-,t) gives rise to a solution of ©, the viscous water wave 
equation, for t G [0, i*), ending in a splash at time t*. 

We close the introduction by citing some of the relevant literature on viscous water waves. 

Some of the earliest papers in this topic were written by Solonnikov. He studied the problem of a 
viscous fluid bounded by a free boundary in the vacuum (the fluid domain is bounded). He showed 
local existence of solutions with [22] using Holder spaces in the frame of parabolic systems for bounded 
domains and without surface tension [331 1331 . Local existence and uniqueness of solutions was shown 
by Beale in [5] in Sobolev spaces with non-slip boundary condition at a regular bottom for the fluid 
and extended to L q spaces by Abels [T. A second theorem in the former paper showed that for any 
T > 0 there exist solutions of sufficiently small initial data on [0, T\. For the case with surface tension, 
see also Tani [331 and Coutand-Shkoller m- Masmoudi and Rousset [22] studied the case where the 
viscosity tends to zero for the free boundary problem (see [T8] for the case with surface tension). The 
case of a viscous fluid lying above a bottom has been extensively studied. For the case without surface 
tension Sylvester, in [35], showed global well-posedness for small initial data. Hataya, in m , showed the 
existence of solutions which decay algebraically in time for a periodic in the horizontal variable surface. 
Guo and Tice, in 121 HD HD], have proved algebraic decay rate in time for asymptotically flat surfaces 
and almost exponential decay rate in time for periodic in the horizontal variable surfaces. 

Global in time regularity was first given for small initial data in [B| by adding to the system surface 
tension effects (see also [3] for an alternative proof). In [321 [37] global existence is obtained without the 
help of surface tension. Decay rates have been also considered to understand the long time behavior of 
the solution. For the case with surface tension see mm- 

In the case of a two fluid problem there are some recent results where local well-posedness and global 
existence for small data is shown. The situations consider low regular initial velocities in critical spaces, 
in some cases within the chain of Besov spaces (see [DU [TQ |2D HD HD and the references therein for more 
details). 

Existence of splash singularities for inviscid water waves was proven in our paper [9], see also Coutand- 
Shkoller 03] for an alternate proof with applications to a 3D setting. 

The inviscid splash is not prevented by taking into account gravity or surface tension (see [3J jS]), but 
it is prevented by replacing the vacuum in R 2 \ Ll(t) by an incompressible opposing fluid; see |19| as well 
as an alternate proof by Coutand-Shkoller M- It has been shown in HD that there exist “almost splash” 
stationary solutions in the two fluid case. We caution that the nonexistence of a splash does not rule out 
a breakdown in which the chord-arc constant degenerates and the solution loses smoothness; again, see 


6(a) for 


Our strategy for the viscous splash, as outlined above, was announced at the fOemes journees EDP 
(2013) in Biarritz, at the 2013 Clay Research Conference (Oxford) and more recently at the Minerva 
Distinguished Visitor Lectures in Princeton in 2014. Finally, in this paper we provide details. 

We refer the reader to Coutand-Shkoller [15] for a different proof of the formation of splash singularities 
for viscous water waves. 
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2 Equations: transformation to a nonsplash domain 

We have to solve the 2D-Navier-Stokes equations in the fluid domain f l(t), 


d t u + (u ■ X)u — A u = —Xp, in H(f), 

(3) 

V • u = 0, in fi(f), 

(4) 

— (Xu + (Xu)*)) n =0, on dfl(t), 

(5) 

u(t )| t=0 = u 0 , in H(0) = H 0 , 

(6) 


where 


n(t) = X(fi(0 ),t) 


with X(a,t) solving 


^1*1 =u(X(a,t),t) 

X(a,0) =a, a £ 0(0), 

and n(t) is unit normal vector to dO(t) (pointing out). Here, Oq and uq are given and satisfy the 
compatibility conditions 


V • uo = 0, in Ho 
tIq (Vuq + (Vuq)*) no = 0 on 9 Hq, 


with no = n(0). The condition 

(pi - (Vu+(V«)*))| an(t) n = 0 

states the continuity of the normal stress through the interface. We will use the symbol * to denote the 
transpose of a matrix. 

We notice that the pressure, p , will be given by the following elliptic problem 

—A p =V • ((u • X)u) in Oft) 

p =n (Xu + (Xu)*) n on dO(t). 

Let P(z) be defined as in the introduction and let 0(t) = P(0(t)). Next we will write the system 
m in the domain Oft) and after that, by using Lagrangian coordinates, we will fix the domain in order 
to work in the domain H(0) rather than in Oft). 

Remark 2.1 At this point one should notice that we are assuming that H(t) is the projection by P offl(t) 
and that Q(t) is a simply connected bounded domain. Therefore P~ 1 is a well defined analytic function. 
Once we have written the N-S system in 0(t) this assumption will not be needed anymore. 

We define u = u o P -1 . Then 

dju* = (dkti o P)djP k 

and therefore 

dju 1 o P -1 = A kj d k u\ 

where 

A kj = djP k oP~ l . 

In addition, let’s assume that we traverse (clockwise) the boundary of 0(t) using the parametrization 
z( 7 ,f), i.e., 

dO(t) = {z( 7 ,i) G R 2 : 7 G [—tt, tt) x [0,T]}. 

and 

Since the boundary of Ct(t) can be parameterized by z(j,t) = P( z (lO)) we have that 

g; = a fe P*op- 1 (5(7,t))^(7,i) 
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thus 


where 


n — JA\ a g l ^Jn, 



Using the previous expression and the fact that P is a conformal map we can write the system m 
in the domain Cl(t) as follows: 


d t u + (Au ■ V)m — Q 2 Au = — A*Vp, in Cl(t), 
Tr(VuA)=0, in 

{pi — {S7uA + (VuH)*)) H _1 n =0, on dCl{t), 

u(t)| t=0 =uo, in 12(0) = U 0 . 

where Tr(A) is the trace of the matrix A and 


with X(u,t) solving 


n(t) = x(n(o),t) 


(7) 

( 8 ) 
(9) 

( 10 ) 


= ( y AoX(a,t) S j (uoX(a,t)j 



X{a, t) = a, 

a £ 12(0). 

Here we have used that 

q 2 a 

- 1 = - JAJ 

and 


dP ! 2 


q 2 = 

~r oP 

az 


Now we will fix the domain by working with the variables 


v(a, t) =u o X{a, t) a £ Cl, 
q(a,t) =p o X(a,t) a £ 12. 


The system (ITlflUl) in terms of (v, q) reads 

OtVi Q o X(kjdk (Cijdi'Ui'j = A}~i o XQ k djq i 
Tr (VmCH olj=0 in f2 0 

(gl- ((vi>CAox) + (v5Ci4ox)*))i4- 1 oiVjXn 0 =0 on dCl 0 , 


in 12o 


Dt=0 =v 0 = Mo, 


where 


and 


C=(vi) (c -1 ) XjX = -JX7XJ 

dX(a, t) 


dt 


=A o X(a, t)v(a, t) 


X(a, 0) =a, a £ CIq- 


( 11 ) 

( 12 ) 

(13) 

(14) 


(15) 

(16) 


We will solve the system (11111141) by iteration towards a fixed point. We show first the linear system 
that will be used for that purpose. 
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d t v {n+1) - Q 2 Av ( ' n+1 ^ = -A*Vg (n+1) + / (n) in fi 0 , 

Tr (Vh (n+ 1 ) A) = <? (n) in fi 0 

^V^ n+1) A) + (W n+1) A)*)) A-'ho = h (n) on <9fi 0 , 

v\t=o =v 0 = u o, 

where 

jf 5 =Q 2 o X( n ^ifd k (Clfd t v^ - Q 2 Av ( i n) - A ki o + A ki d k q W 

g (n) = - Tr (W n) C (n) A o X (n) ) + Tr (Vu (n) a) 

h (ri) = ((Vv (n) C (n UoX (n) ) + (^VS (ri) C (ri) ^oX (n) y) A^oiWV/lWno 

- ( (Vv (n) a) + (Vi> (n) a) *) A-'no + q^A^fio - q^A~ x o X^VjX^n 0) 

X( ra+1 ) satisfies 

X^ n+1 ^(a, t) = a + f AoX^(Q,r)ji^(a,r)(ir, 

Jo 

and 

C (n) = (vX (n) ) VjX (n) = - JVX (n) J. 


(17) 

(18) 

(19) 

( 20 ) 

( 21 ) 

( 22 ) 


(23) 


(24) 


Formally, assuming convergence as n —> oo, it is easy to check that in the limit we find a solution of 
the nonlinear system. In what follows, we will either remove the tilde from the notation or it will become 
clear from the context. 


3 Definitions of the spaces and auxiliary lemmas 

This section is devoted to present the main tools used for both the linear and the nonlinear case. We will 
also define all the spaces used for the construction of the solutions and its norms: 


H ht ’ s ([0,71; Ho) = L 2 ([0, T]; H s (fi 0 )) n ([0, T]; L 2 (H 0 )) , 

Hpr’ s ([0, T]; H 0 ) = {q& L°°([0,T]; H\n 0 ) : Vq e ([0, T]; fi 0 ), q G H ht ’ s ~? ([0, T]; <9H 0 )} , 

H M ’ s ([ 0,71; H 0 ) = i 2 ([0, T}-H s ( H 0 )) n H^([ 0, T];i? _1 (H 0 )), 

and 

F s+1 ([0,71; H 0 ) = L^ 4 ([0,T];ff s+1 (fi o ))aff 2 ([0, T]; i7 7 (H 0 )), s-l-e < 7 < 8-1 (e > 0, suff. small), 


with 

||/||l- = sup t~ l/i \f(t)l 
tefo.T] 


Also wc will use the following notation: 


1 ([0,T],n o ) — 


l|H«.»([0,T],8n o ) = 1 


Lf/ r ([0,T];F' s (n o )) = 

II- ll™ 

11 F°° ([0,T];i? fi (Ho)) = 

| • \\l°°h° 

1 i?“’ s ([o,T],n 0 ) = 1 

II H^’“ 


II ' IIh' 1 * ,s ([0,T],Qo) = II ' Hi ?'* 4 ’ 3 

II • l|F s + 1 ([o,T],n 0 ) = II ‘ IIfos- 1 

II ■ ||jT'-([0,T];J?»(8no)) = I • I HTH* 

II ■ IU~ 4 ([0,T];^(no)) = II • Wl^H* 
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Lemma 3.1 (Parabolic Trace) 1. Suppose ^ < r < 5. The mapping v —> d 3 n v extends to a bounded 
operator H ht ’ r ([0, T]; fl 0 ) —> H ht,r ~ 3 ~^ ([0, T}; OLIq), where j is an integer with 0 < j < r — The 
mapping v —> d^v(x,0 ) also extends to a bounded operator H ht,r —> H r ~ 2k ~ 1 (flQ) if k is an integer with 
0 < k < |(r — 1). 

2. Suppose §<r<5,r^3 ; and r — ^ is not an integer. Let 

W r = H ht ’ r - j -i([0,T];dft o ) x H ht,r ~ 2k ~ 1 ([0, T]; fl 0 ), 

0<j<r-i 0<fc<^=i 

and let Wq be the subspace consisting of {aj,Wj} so that 

d k a(x, 0) = d 3 n Wk{x ) x £ dfl, 

for j + 2k < r — |. Then the traces of 1 form a bounded operator H ht,r —> Wq , and this operator has a 
bounded right inverse. 

Proof: See [5[ Lemma 2.1]. □ 

Lemma 3.2 Let B a Hilbert space. 

1. For s > 0, there is a bounded extension operator H S {{Q,T)\ B) —> H s ((0, oo); B). 

2. For 0 < s < 2, s — h not an integer, there is an extension operator from 

!\V £ H s ((< 0, T);B ); d k v\ t=0 = 0,0<fc<s-ij^ H s {(- oo, oo); B) 

with norm bounded uniformly if T is bounded above. 

3. Similar statements apply to the extension of H ht,2a . 

Proof: The proof can be found in [5] p.365, Lemma 2.3]. In this paper the second statement asserts that 
the operator extends to H s {( 0, oo); B) rather than H s ((— oo, oo); B). But one can easily adapt the proof 
to the case H s ((— oo,oo); B). □ 

Lemma 3.3 Suppose 0 < r < 4. 

1. The identity extends to a bounded operator 

H ht,s H P H r-2p, 


p< §■ 

2. If r is not an odd integer, the restriction of this operator to the subspace with d k v\t=o, 0 < k < 
is bounded uniformly if T is bounded above. 

Proof: The proof can be found in [5] p.365, Lemma 2.3]. □ 


Lemma 3.4 Let Tq > 0 be arbitrary and B a Hilbert space, and choose T <Tq. 

1. For v £ H°((0,T);B), we define V £ ^((O, T); 5) by 

V(t) = f v(r)dT. 

Jo 

Suppose 0 < s < 7? and 0 < e < s. Then v —> V is a bounded operator from H s ((0,T); B) to 
H s+1 - e ({0,T)-B), and 

11 1 H s + 1 — e ((0 : T);B) < C( ) T e \\v\\ H s(( 0}T ' ) . B y 

where Cq is independent of T for 0 < T <Tq. 

2. For v £ H s ((0, T); B), such that v(0) = 0, 0 < s < 1 and 0 < s < s, 

llVIl.ffs+i-e^O.r);^) < C 0 T e \\v\\ H s(( 0T ). B y 
where Cq is independent of T for 0 < T <Tq. 
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Proof: The proof can be found in [51 P-365, Lemma 2.4]. The first statement is just the statement of 
Lemma 2.4 in [5]. The second one is an intermediate step in the proof of Lemma 2.4 in [5]. 

□ 

Lemma 3.5 1. Suppose r > 1 and r > s > 0. If v £ H r (Q) and w £ H S (Q), then vw £ H S (Q), and 

\\vw\\ H ‘ < C'lMliHMI-W 3 - 

2. Ifv,w £ then vw £ H°(Q), and 

||uw|| ff o < C\\v\\ H i\\w\\ H i. 

3. If v £ H r (Cl), r > 1, and w £ the dual space of H 1 ^), then vw is defined in and 

< IMIiHMI-ff- 1 - 

4- If v £ iL 1 (f2) and v £ H°(Q), then vw is defined in iL _1 (fl); and 

Proof: The proof can be found in 0 p. 366, Lemma 2.5]. Here we notice that we work in dimension 2 
rather than in dimension 3 as in 5] and the second statement of lemma 1531 can be improved in dimension 
2. □ 

Lemma 3.6 If v £ H~p and w £ Hp with - + -1 = 1 and 1 < p < oo then 
j p q 1 

Hiwll/fo < CjMI i ||u;|| i. 

" _ " hi " hp 

Proof: Applying Holder inequality yields 

Now Gagliardo-Nirenberg inequality provides 

IMIl 2 ? < C|M|iB» 

for A. = i that implies s = K Proceeding similarly for w we have that 

||uui|| h-o < Cl Ml i ||u;|| i. 

" - " "hi" "HP 


□ 

Lemma 3.7 Suppose B , Y. Z are Hilbert spaces, and M : BxY — >■ Z is a bounded, bilinear, multiplication 
operator. Suppose v £ H s ((0,T); B) and w £ H s ((0,T);Y), where s > If vw is defined by M(y,w), 
then vw £ H s (( 0, T); Z) and 

1. 

\\ vw \\h‘((0,T)-Z) < C||' t; l|fl’ s ((0,T) ; y)||w , ||ff s ((0,T) ; B)- 

2. Also, if s < 2 and v, w satisfy the additional condition dfv\t=o = dfw\t=o = 0, 0 < k < s — and 
s — ^ is not an integer, then the constant C in 1 can be chosen independent of T. 

3. In addition, if s <2 we have that, if w satisfies dfw\t-Q =0, 0 < k < s — and s — \ is not an 
integer 


\\vw\\ H ‘((0,T)-,Z) <Cj|w||i/ s ((0,T);Y)||u , ||i/ 3 ((0,T);B) + C\ |ui |\ H * ((o,T);B) 
where the constants depend on dfv\t=o, but they do not depend on T. 
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Proof: The proof of 1 and 2 can be found in j5] p. 366, Lemma 2.6], For part 3 we proceed as follows. 
Since k can take the values k = 0,1 we have that 


\ vw \\h s ((o,t)-,z) — 


k 

v - e~ 3t2 d{v\ t =o | w 

3=0 




y~Ve Jt2 d J t v\t=o | W 
C=° 


H*({0,T)-,Z) 


and we can apply part 2 of the Lemma to yield 

k 


\VW ||JJ»(( 0 ,T);Z) S 


■7A<C 


■ %v\t=o 


3=0 




H s ((0,T);Y) 


^t°e 3t2 dlv\t=o 
\ 3=0 


W 


H s ((0,T);Z) 


□ 


Lemma 

1. ||v| 

& |H 

5. ||v| 

l IM 

5. IM 

6 . ||u| 
For U | t=0 


3.8 For 2 < s < 2.5 and s, S > 0 small enough and v € F s+1 the following estimates hold: 
<C\\v\‘ 


a + 1 , 

H~T~ H 1 ~ £ 


H £ i 1+e H 1 + s 


l_F»+i • 

— F! IMIf'H - 1 . 

H ^+e H 2+5 ^ C|kllF = + l- 
< C\\v\ 


H'3~1 +e H 2 + 5 ~ 


| ]?S + 1 ■ 


H 1 H S ~ 1 — C I MlF s + 1 ’ 

H i +2e H° - c 'IMIIf-+x- 

= 0 = dtv | t _o the constants above are independent of T, if T is bounded above. 


Proof: We will show the most singular cases, which are 2. and 4. The rest is proved in an analogous way. 

Let us consider the space L 2 H 8+1 C\H 2 H 7 C F s+1 and we will show the inequality on the first space. 
To do so, we extend the function to times in (0, oo) as in Lemma [TOl part 1. It is easy to see that there 
also exists a linear and continuous extension for all t. taking 


v(t) = 3 v(—t) — 2v(—2t) Vf < 0, 

and thus we can consider t £ R. Since flo is a regular domain, we also consider the extension to the 
whole plane R 2 . This way, we can think of v : R x R 2 —> R. 

Case 2: We first consider e = S = 0. Using the Fourier transform in R x R 2 , we have 


W j+i 

H~3~ H 1 


/Ixi 2 


(1 + M s+1 )(l + \H\ 2 )\v(T,0\ 2 dTdt = (1 + lei 2 + |r | s+1 + |r | s+1 |£| 2 )| | 2 eb"d£. 


/RxR 2 


(25) 


We only need to bound the previous integral by 


IMIW-k + \MH>m = [ (2 + |e| 2(s+1) + M 4 + 

J RxR 2 

We are only left to bound the integral with |r| s+1 |£| 2 . Using Young’s inequality: 


M S+1 M 2A |£| 2(1_A) < C(|f| 2Ap + |-f|( s + 1 )9|^| 2 ( 1 -a)9) ? 

where p _1 + q~ 3 = 1. Taking q = ^-,p = 337 , A = ( S+ 1 H 3 ~ S ) ; we are only left to check that 
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(1 - X)q < 7 < s - 1, 


but elementary formulas show it as long as s > 1. It is easy to see that in the previous calculation 
there is room for the case e, 6 > 0 as long as e and <5 are sufficiently small. 

Case 4: 

Proceeding similarly to Case 2, it is enough to show that 


l r r^l£| 4 < C(1 + l r | 4 + |£| 2(s+1) + |t| 4 |£| 2t ). 

Using Young 


M s ~^| 4A |£| 4(1 “ A) < C(|,£| 4Ap + |r| (s -^' ? |e| 4(1_A)9 ). 

Taking q = s _ 4 / 2 ,p = 9 / 2 _ s , A = ; we are only l e ft to check that 

2(1 — A)q < 7 < s — 1, 

which is true for s > 4- Similarly, there is room for the case e,5 > 0 and sufficiently small. Finally, 
the boundedness with respect to T is shown if one considers the extension given by Lemma 13.21 part 2. 

□ 


Lemma 3.9 Let G £ C°°(fi) and v £ X, where X is either H v H q or L°°H P . Then 


||G o u||x < C|M|x, and ||G o u - G o u|| A - < C\\u - w|| A . 

Proof: 

The proof follows easily since the most singular terms of d^d l t (Gov) are G'(v)df.d\(v) and they can be 
bounded respectively in L 2 or L°° by C\\d^d l t v \\ L 2 or G||9^9 (u||loo. The rest of the (less singular) terms 
are bounded by interpolation. 

The second inequality follows straightaway from the Fundamental Theorem of Calculus and interpo¬ 
lation. □ 

4 Solving the linear equation 

4.1 Case g = h = v 0 = 0 

We would like to solve the following system: 


Vt - Q 2 Av + A*\/q = f 

(26) 

Tr{S7vA) = 0 

(27) 

(ql - ((Vi>A) + {S7vA)*)B l n = 0 

(28) 

4=0 = °> 

(29) 


where 

B 1 = —JA~ Y J = -A * 

Q 

and 

Aij =d j P i oP~ 1 . 

Our first purpose will be to obtain a weak formulation of this system. In order to do it wc will use 
the following identities 

AA* = Q 2 I 
Av = div 
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and also 


Q di l^—Ai^AkjdkV 1 + A ki dkV J )J = Q 1 Av 
Using this relation it is easy to arrive to the following identity: 


J dl (^ 2 A ‘j( A kjdkV l + AkidkV 3 )^ 4 > l dx 

= - f -p^Aij(A kj d k v l + A ki d k v J )di(j) l dx + [ n l Aij(A kj d k v l + A ki d k v 3 ) 4> 1 -^da 
Jn y Jon y 

= - f A kj d k v* + A k i d k v 3 ) Ai j <9/ </>* dx + [ n l Aij(A k jd k v l + A ki d k v 3 )4> 1 -^da 
Jn y Jon y 

= - 7 : ( -^{AkjdkV 1 + A ki d k v 3 ){Ai j di(j) 1 + A u di(jy , )dx+ [ n l Aij(A kj d k v l + A ki d k v 3 )(t) 1 -^-dcr 
2 Jn v Jon y 


We also have that 


AhidkP^-p^dx = - f pd k (A ki (/) 1 -^-] dx+ [ pA ki n k (l) 1 ^ 

! y Jn V Q ) Jan Q 


The following identities hold: 


dk ( Akifi 2 


1 

y 1 


= A tl ^±, 


= 0 


The energy identity reads: 


^ / ^2 { A kjdkV l + A ki d k v 3 )(Ai j di(/) 1 + A li di(tJ , )dx - J pd k ^A ki -^<p \ dx 

+ [ n l Ai j (A kj d k v l + A ki d k v 3 )(l) l -^da + [ </> l pA ki n k ^ = [ f^j^dx 
Jon y - Jd n y Jn y 


and therefore 


^ / ^2 ( A kjd k v l + A k id k v 3 )(Aijdi<f> 1 + A u di<jj)dx - pd k ^A ki -^4> % ) dx 


= - / (P^ - (AiSfc** + Akidkv 3 ))^ 1 ^^ + I f^dx, 


1 an 


da /' . , 1 
In 


3 "' r q 2 1 Vy 2 ' 


where 


( Aki-^J? 


= ^ 


that we finally write as follows 


- [ Tr ((Vtn4 + A*Vv*) (VtfiA + A*V(/>*)) -pr^dx — I pTr(V<f>A)-^;dx 
2 Jn Q- Jn Q 

= [ f ■<!>%- f {ql~{S7vA + A*S7v*))A*n^da. 

Jn Q Jan Q 


in w Jan 
Therefore (1301) is the weak formulation of our system. 


( 30 ) 
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Next we will define a kind of Leray projector. Let the subspace of formed by vectors A*V0 
such that (f> £ Hq. Let H ° the orthogonal complement of Hff with the following scalar product: 

= J 2 dx - 

Then is easy to check that if v £ H 1 D H°, v must satisfy 

Tr(VvA ) = 0. 

For v £ L 2 we define Rv to be the projection of v onto H® . For v £ H 1 we have that 

Rv = v — A*Vif, 

where 

Q 2 Aif = TrfS/vA) in f2o 

if = 0 on dflo, 

The next lemma will deal with some properties about this projector R. 

Lemma 4.1 Let 0 < s < 4. We have: 

i) R is a bounded operator on H s . 

ii) R is a bounded operator on H ht ' s , with norm bounded uniformly if T is bounded above. 

Hi) If <f £ H s+1 , then R(A*'S7cf) = A*S7<j>with Q 2 Acfi = 0 in f2o> cfi = <f> on dffo- 

Proof: 

i) For v £ H s , 0 < s < 4, it is easy to see that Tr(WvA) £ U s_1 . Therefore the solution of the system 
satisfies: 


(31) 


(32) 


H S + 1 ^ 


< C 


Tr(S7vA ) 


Q 2 


< INI*- 


H B-1 


by elliptic theory, since both A and Q 2 are regular. The identity (ETH) provides 


ii) It is easy to check that 9 t commutes with 1?, since 

d'fRv = d’fv - A^d’fif = Rd’fv. 

This proves the result for an integer number of derivatives. By interpolation we get the result for 
fractional derivatives. 

iii) For <f £ H s+1 , if v = A*'V<fi, then 


R(A*V(f) = A*X7cp - A*Vif = A*V(cf - if). 


Thus, we have that 


0 = Tr(\7(R(A*X7f))A) = Q 2 A(cf - if), if\ dQo = 0, 
which implies that <f> — if\gQ 0 = ^ an< ^ we can t a ke <fi = <f — if- 
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□ 


Once we have obtained the energy identity (10011 and Lemma 14. II we pass to announce the main theorem 
of this section: 

Theorem 4.2 Let f £ 2 < s < 3 such that Rf( 0) = 0. Then 


IMIjJhM+l + l|V9||fl-ht,a-l + \\q\\ H ht, s - 1 < C\\f\\ H ht,s-l. 

The constant is independent ofT. 

The rest of this subsection is devoted to prove this theorem. 

First of all we will modify the equation by considering the new variables 

u = e -t u; q = e -t p; / = e~*f 

We should remark that / £ H ht ’ s ~ l <£> / £ Then, the equation reads 


d t u = —e t v + e t v t = —u + e 1 (Q 2 Av + Q 2 X7 q + f) 
= -u + Q 2 Au- A*\7q + J. 


We will solve therefore 


d t u + u — Q 2 Au + A* X7q = f. 

Let’s start projecting onto H ° to obtain 

d t u + u — Q 2 Au + A*Vqi = Rf , 

since Tr(V(Q 2 Av)A) = 0 and therefore R(Q 2 Au) = Q 2 Au, where A*\7q± = RA*Vq. 
We now introduce the operator 

S A : V s+ 1 (n) ^ RH 3 - 1 

dehned via: 


Sau = — Q 2 Au + u + A*X/q\, A*\7qi = RA*\7q, 

where V r (f}) = {u £ RH r , A*t 0 {VuA + A*Vu*) A*n 0 = 0} and RH S " 1 = {Rf, f £ LP -1 }. 
The following lemma deals with the invertibility of Sa- 

Lemma 4.3 Sa has a bounded inverse for 1 < s < 3, and 


Proof: Let / £ RH s_1 . We will show that there exists u £ V s+1 such that Sau = /, i.e. u — Q 2 Au + 
A*'S7qi = Rf. (we will keep in the notation Rf instead of /, although Rf = /, to keep in mind this fact). 
Using the energy identity (13U1) . we observe that 


(u, 4>) + ( u , (f>) 
is the weak formulation of 


JdSl 


, ,dcr 




9l Tr(VM)S 

> v 


u - Q 2 Au - = i?/ 

(gi - (VuT + A*Vu*)) A*no = h 
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If we look for h = 0 we then have to solve 


(u, <P) + {u, ep) = [ Rf<P% j + [ qiTr(VepA (33) 
Jq W Jn v 

where 

(w, </>)= J uep^ (34) 

C rjqr 

{u,4>)= / Tr((VttA + A*Vu*)(VM + A*V^*))^r (35) 

J n 

We will find a solution to this equation in RH 1 . By this we mean that there exists u £ RH 1 such that 
(1531) holds for all ep £ RH 1 . We notice that the last term vanishes since ep £ RH 1 , and henceforth, in 
RH 1 , the equation (1551) is equivalent to 

f (jnr 

(u,ep) + (u,ep) = / Rf<t>—^. (36) 

J n Q 


for all ep £ RH 1 . 

Via 121 Corollary 4.7], 

(«,<£) + (u,<j)) > C'||u|| ff i 

and therefore it is a coercive bilinear form. That implies Lax-Milgram’s Theorem can be applied to obtain 
a solution u £ RH 1 of (1551) . 

The next step is to show that there exists p £ L 2 such that 


(u,ep) + {u,ep) = [ Rfcj>+ [ pTr(S7epA) VepeH 1 . 
J n Jn 

To do this, we decompose ep = R(f> + A*S7n^, and then 


(u, ep) + (u, ep) = (u, Rcf >) + (u, Rep) + (u, A*X7ir ( / ) ) + (u, A*\7n ( j ) ) 

V. v ^ 

0 

= ( Rf, Rep) + (u, A*VTT'p) = ( Rf , ep) + (u, A*Vn^). 
Therefore we have to show that there exists p £ L 2 such that 

(p, Tr{S7epA)) = ( u, A*Vtt*) V</> £ H 1 . 

Let us assume that u is smooth and suppose we take p satisfying: 


Q 2 Ap = 0 


p\ dQ = ( A*n, ((VuA) + (VuA)*)A*n) 
= Q 2 {n(AVu + Vu*A*)n). 

Then, on the one hand 


f ,, dx 

J pTr(VepA) — 


JpAn^dx = J pdiv dx 


dx 


dx 


- / VpAA*Vtt^— + / pnAA*S7TT r j > 
w Jan 


dx f 

VpQ 2 ^^— + / p(A*n ) • A-Vtt* 
’ w Jan 


dx 

w 


( 37 ) 


0 
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On the other hand 


1 f rjqr 

<u,V tt 0 ) = -J Tr((\/uA + A*Vu*){V(A*Vtt^A + A*V{A*V^))) —, 

where 


(V(A*V7r 0 )i4)y = di(A*\7Tr < f,) i Aij = di(A ki d k ^) A h 
= AijdiAkidkTTij) + AkiAijd^TTcj, 


(u, V 7T 0 } = 


dx 

(• diu l Aij + diu 3 Aii)A rnj dm(d k 'K(i)A k i) — 


— J*(^(A m jdkU Aij + Amjdiu 3 An) q 2 ^ dkV(t)A ki dx 

f dx 

+ / (^o)m (A m jd k u Aij H- Amjdiv?Aii) d k 7T(f)A k i—-^ 

Jdn W 

= - J dm (^(S ml diu l + Amjdiu 0 Ah) d k ir(j)A ki dx 

+ / A*no- (VuA + ^VM)A*V7r^—. 

Jan <2 


The first term is zero because of the orthogonality and because of the condition Tr(X/uA) = 0. We 
do the calculations for the second term: 



A*n 0 (Vu,4 + A*Vu*)A*Vnt 


da 

Q 1 


J n 0 (VuA + WVu*)Vtt 0 


no(VnA + A*VM*)n o <9 n 7T0, 


since to • = 0. Comparing with 423 we have that 

(p, Tr(VA)) = (u, A*V7T(/>}, V</> e LT 1 . 


for smooth it. Let u £ H 1 and (u m }^ =1 such that u m £ H°°, and tr(Vu m A) = 0 for every to, and 
u m —> u strongly in H 1 (for example we extend u by zero to R 2 , we make the convolution with a modifier 
px. and finally we project onto H a ). Let p m be given by 


A pm = 0 

Pmldti ~ A no(Vit m j4 + A V (u m ) )A no* 

Then, we have that 

(p m , TriVM)) = (Um , ^Vtt*) V0 £ H 1 . 

In particular, we take 4> m such that Tr(S7 (f) m A) = p m . This implies that Q 2 An<f, m = p m , 7T0 m |= 0. 
Showing the existence of such (f> m is trivial since one can choose 4> m = A*Vip, with Q 2 Ai/j = p m - Then, 
we can bound the L 2 norm of p m in the following way: 


\\Pm \\ 2 L 2 < (u m ,A*Wn^ m ) < WUmWmh^WHZ < C\\u\\ H i\\p m \\ L 2 , 

which shows that p m is bounded in L 2 . Therefore there exists a subsequence p rrii which converges weakly 
to a function p in L 2 and 

ip, Tr(Vcj)A)) = («, Vtt 0 ) 

We have shown that there exist (u,p) £ H 1 x L 2 such that 

r dx 

(u, (j>) + (u , 4>) = (Rf, 4>)+ J Ptri^^A)— Mcj) £ H 1 . 
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Indeed, u £ H 2 ,p £ H 1 . We now show that improvement on the regularity. 

For every fi 1 ’ <s Q, it is easy to obtain the interior regularity estimate |M|jj 2 (Qb) < C, |b||#i(n b ) < C. 
We focus here on the boundary estimates. We perform the following change of coordinates in Cl', where 
f Y is a tubular neighbourhood of dfl: 


x{s,X) = z(s) - A z/~(s) 

We would like to check that it is indeed a diffeomorphism. We have following quantities: 


W 2 = 1 

x s (s) = z s (s) - Xz^ s (s) 

Z ss = ( Z SS1 ^ s ( s )}^ s ( s ) = — k(s)z s (s) 
x s (s) = (1 + A k(s))z s (s) 

X\ = zj-(s) 


Computing more, 


det 


= x\x\ — x 2 x 2 x = xjx\ = 1 — A k(s) 


This hxes the width of the tubular neighbourhood to be Ao < sup s Under these assumptions 

x(s, A) is a diffeomorphism. Fix xq £ dfl, and consider the following cutoff function ip, defined by 


^* ) = {o (/(t’4)nff) c }' os ’ /,(:c)£1 ' 

We extend ip to fl by zero. We define the set C as C = x~ 1 (B(xq, Ao) (~l fl'), and the set C/2 = 
x~ 1 (B(x, o, 4f) n f Y). 

The energy identity can be written down as: 


r dx f ■ dx C ■ dx C dir 

/ (d t u'A lj + d l u’A u )(d k <t>'A kj + d k pA ki )- 5 + / uV*+ / PdifA u — 

Jo. y Jn y Jn y Jn y 

We choose as test function </> = ip'ijj. Then: 

f dx f - dx f ■ dx f dx 

/ ( d l u l A lj +d l u^A ll )(d k (^iP)A kj +d k ^iP)A ki )—+ / uV’t«= / XPra + / 

Jn H Jn C Jn C Jn w 


Mi + M 2 = M 3 + M 4 


We start developing each of the terms one by one 


Mi = 


dx 


dx 


(diiPAij + diu J Au)((p l dkipA kj + v°d k ipA ki ) — 


Q 2 


dx 

Q 2 


= I (diu l A lj +diu J Ai i )ip(d k ((p l )A kj +d k (‘P :i )A k i) 


dx 

(diu'A y + diu° Au)d k ip{<p l A k j + — 


We now do the change of variables 
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dx = ( ——— ] dsdX = (1 + re(s)A) dsdX , 
dsdX J n _ v _ ' 




and define 


d(s,A) =doo:(s 1 A), Q{s, X) = Q o x(s, A), u(s, A) = u o x(s, A), p(s, A) = p o x(s, A), 
p(s,X) = ipox(s,X), i/j{s,X) = i/jox(s,X), f(s, A) = fox(s, A). 

We can compute the derivatives in the bar-coordinates 

u(x) = uos(x), diu 1 = dkU o s(x)dis k 
diu 1 o x(s, A) = dku(s, X)dis k o x(s, A) 

Setting x = x(s, A), x 3 = x 3 (s, A), we obtain: 

^ =^® j (s,A)^t 

• • dsi 

S‘ 3 =dix>{s, A) — 

= {Vx) J i(Vs)n o x(s, A) = (VxVs)ji 
1 = VxVs o x(s, A), Vs o x(s, A) = (Vx)^ 1 = E 

Plugging this result into the equation for the derivatives of u, we get 


diu 1 o x(s, A) = E udkU 1 
E = 1 


1 + k(s) X V ~x 2 s x x s 
Plugging this expression into M±, and letting E A = B, we obtain 


Mi = f (diu 1 o x(s, X)A tj + d\v? o x(s, X)A H )i/j(d k p> 1 o x(s, X)A kj + d k p> 3 o x(s, X)A ki —^dsdX 


>c 


J 


A j 3 a A (dmiJ B m j - d rn u 3 B mi )(<p B a j A ip 3 B a i) ^ dsdX 

Jc Q 


J 


— i (3m , u> d m u 3 Yj rn iAii')'ijj(d a (p Y] ak A k j A d a < p 3 Yj ak A k i) _^ dsdX 

Jc Q 

A f daipi^dmii B m j A 3 rn vPB^jB a j A (p 3 B a ^-^^dsdX 
Jc Q 


[ m 

Jc 


’m u B rll j + () rn v 3 1 X ml ) ( D a : p B a j A 3 a <p 3 B a j ) 2 dsdX 


Q 


J 


A / da^idmU 1 B m j + d m u 3 B mi )(^B aj A pi 3 B ai )^dsdX 
Jc Q 


Q 


Moreover, 
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M 2 = [ = [ u l ip l tp^dsdX 

Jn> Q Jc Q 

M 3 = f f Tp l ip = ^dsdX 

Jc Q 

M 4 = f pdaffi^Bai^dsdX, 

Jc Q 

with 


Mi + M 2 = M 3 + M 4 => Mi = -M 2 + M 3 + M 4 . 

We start computing Mi. We have that 


2Mi = [ (diuJBij + diUjBu)(d k p l B kj + d k ^ B ki )i/j^ 

Jc Q 

+ / {diu l Bij + dvujBi^^Bkj+PB k i)d k ^—% 

Jc Q 

= m + 1 1 . 

We will use the convention that the m terms will denote bad terms from now on. We further split m 
into four terms: 


m = [ dfuJBijdiJp 1 B k jij)^ + [ diu J Bud k p l B kj ip^ 

Jc Q Jc Q~ 

+ f dfu 1 Bijd k 7p 3 B ki ip^ + [ dfu J Bnd k p 0 B ki tp^ 

Jc Q Jc Q 

= mi + m 2 + m 3 + m 4 . 

If we are able to estimate any one of them we can estimate all of them. 

We will use the following formulas related to finite differences: 

D h<j g ^ = f(.s + h)g(s + h)- f{s)g(s) = (f(s + h) - f{s))g(s + h) + g(s + h) - g(s) 
s h h h 

= g[ s + h)D h J + f{s)D h s g 

D~ h D h s {fg) = D: h {D h Jg(s + h )) + D~ h {f{ S )D h s g) 

= (. D: h D h J)g{s + h) + D h JD-\g{s + h)) + D~ h fD h s g{s - h) + f(s)D 7 h D*g 

(Di 9 )(s - h) = gW -f- t) = D 7 » g 
=* D~ h D h s (fg) = {D~ h D h s f)g{s + h) + D h s fD h s g + D~ h fD h s g + f{s)D: h D h s g 
We take Tp = Dj h D^u. Thus, we have that 

D~ h D*{B lj d& i ) = 0 = (D~ h Bij)divP (h + s) + D^BijD~ h divj + D~ h BijD^dfuj + BijdiD~ h . 
Therefore 


Bijd l Dj tl DgU 3 = -(Dj n DZB lj )d l u>{h + s) - D^B l:i D; n d,TB - D^B^D^W 
BijdiD~ h D^(u 3 ip) = D-bD^B^u^)) - D~ h D)B lj di^?{8 + h)^(s + h)) 

- D^D-bd^) - D: h B l3 D h s {d l {u^)), 
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and 


Bijdj^u 3 ) = Bijdjim 0 . 

Expanding the calculations, we obtain 

BtjdiDjbD^i2^) = D~ h D*{B lj d$u i ) - D~ h D h s B^diiu 3 (s + h)^{s + h)) 

- D h s B l0 D h _A{u j ^) ~ D-bB^DstdiuA)) 
i,B lo diD~ h D h s {uA) = ’$D~ h D*{B lj d$v?) - ^D~ h D h s B l3 di&{s + hj${s + h )) 

- $D h a B lj Dj h d l {v?$) - 4iD7 h B lj D*(d l (v?$)). 

Finally, we get to 

^D~ h D h s {B lo dAu°) = D~ h D h a {BijdAun - D ~ h + h) 

- D~ h Bij djifiDs (u j i>) - D h s {B l3 dA)D- h {uA). 

Therefore 


tB l3 diD~ h D h s {uA) = D~ h D h s (B l3 diA J ) - D h s BijD~ h di{uA) - ^r>r h B«I>?WV0 + LOW 
= B lj d$D- h D*@'$) - '$D*B lj D- h d l <j?$) - ^Dj h B h Dsdi(uA) + LOW, 

where we say that a term T is LOW is ||T ||£2 < C||u||jji. We also say that a term T is SAFE if, for 
any S > 0 , 


\\T\\l* <Cs + S(\\VDA(un\h + ||VD*(t#)llU 

where Cg may depend on II^Hiri, HpIIz, 2 , H/Hz, 2 and ip,B,Q or J. We now look at what the terms 
Mi,..., M 4 look like. We have that 


M 2 = / iJju l D* h D f tu 1 ^ = [ D h s Au l )D h s u l -^ + LOW. 


ic 


Q Jc 

J 


M 3 = j f DAD^^<C s \\f\\i 2 +S\\DAD^un\h 


/ c 


Q 


M 4 = / pD l Ai’D- h D^<C s \\p\\ 2 L 2+5\\DAD^ui;)\\ 2 L2 
Jc 

h= f di^B^dABk— < C s \\uf H1 +5\\D- h D h s {mp)\\ 2 L2 
Jc Q 

Mi = f d,AB l:l B kj d k D- h D h s (uAA ^ = [ D a \i’d l T?B lj B kj ^2] D^(d k (lf^)) 
Jc Q Jc \ Q ) 

= f B lj B kj D h s ($d l rf)D h s d k ^)^ i + SAFE 


>c 


Q 


= j B lj B kj D h s {dAu i )D h s d k {u i 'il>)^ + SAFE. 


/ c 


Q 


We can then bound 


lc 


ic 


\S/D h s {A)\ 2 <M 1 <C S + S\\\/D~ h (uip )\\ 2 L 2 + 5\\VD*(uil;)\\l a 
\S7D~ h ®u)\ 2 <Mi<C s + 5\\VD- h {u^)f L2 + d\\V(u^)f L2 . 
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Similar computations show that we can control ||V9 s u||i2. This implies that 


\\d s u\\m(c/2) < C. 

We proceed to control the pressure terms. From the energy identity: 


i f ( diu l Bij + diu J Bn)(dkip l B kj + d k ^B ki )^ 

1 Jc Q 

= [ /VV=2 + [ pTr(VpB)ip^2 +pB\/ijjlp^ 
Jc Q Jc Q Q 

Pi+P 2 = P 3 + P 4 + P 5 

We choose Tp = with 


[ ( diu l Bij + diu J Bu)(tp l B k j + tp J B ki )d k il)^ 

>c Q 


[ U*C>V ==2 
tc Q 


Then: 


where 


^D~ h D h s {pij}) = div(JES*VII). 


Pi = [ pTr{WipB)ip^ = [ ip P D s 

Jc Q Jc Q 

= - Jc^si^p)) 2 ^ + Jc [°s ~ 

= m 5 + h, 


\h\ < c\\p\\ L 2 . 


So, if we control m$ we can control ^d 8 p^L 2 {c/ 2 )- It is n °I hard to see that 


\Pi\ + |P 2 | + \P 3 \ + \P 5 \ < C s (\\u\\ 2 l , + ||Vd s F||| 2 + ||VF||| 2 + ||p||| 2 ) + S\\D^)\\l, 


which implies that \\D^(jnjj )\\ L 2 < C independent of h. Because of the interior regularity estimate we 
have that the solution is strong in the interior of and we can write 


_2 

T div ( 7(0 J 2 ) VF 1 ) +u’- + (B*VpY = 7, Tr{S7uB) = 0 


where we recall that J = (1 + A k(s)) and that we have used 

A u o x(s, A) = —— rvdiv (J(s, A)EE*VF) (s, A) 
J(s, A) 


EE* = 


(1 + k(s)A) 2 
This implies that 


x x ~ x > 

x 1 


X X ~ X S 

~x\ x\ 


1 


(1 T k(s)X) 2 y x\ • x s 


Fa 


■ x s 
U 12 


1 


-div 


1 


J(s, A) \(1 + k(s)A) 2 V -xx ■ x 


Fa| ~ Xx ' Xs 

u 12 


VF* = 


-div 


J(s, A) V(! + «(s)A) 2 V 0 (1 + k(s)A) 


VF* 
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Let us define 


1/J 0 
0 J 

di v{/3Vu z ) = dkifikidiu 1 ) = d k B ki dfu 1 + j3 k id k diu l 


= IW + -d 2 s u l + Jd{u l . 


And then: 


^-d s V + Q^lu 1 + TVu 1 + B u dip = f 
■ Q 2 d 2 x u l + B H dw = ~-d 2 s u* - rW +T = g\ 


and we know that g l G L 2 {C/2). We also have that 


Thus 


(diu'Bu) = 0 

d s u l Bn + d\u l B 2 i + d s u 2 Bi 2 + d\u 2 B 2 2 = 0 


d 2 u 1 B 2 i + d 2 u 2 B 2 2 = g 3 , where g 3 G L 2 

Plus 

Q 2 d\u 1 + B n d s p + B 2 id\p = g 1 
Q 2 d 2 x u 2 + B 12 d s p + B 2 2 d\p = g 2 
Q"B 2 idlu 1 + B 12 Bnd s p + Bf 2 d\p = B 12 g 1 
Q 2 B 2 2d 2 x u 2 + B 2 2B 12 d s p + B 2 2 d\p = B 22 g 2 


This implies 


(B 2 i + B 22 )d\p — g 4 , where g 4 G L" {C/2 ), 


and since ( B 2[ + B 22 ) > 0 for a small enough Ao, and we get that d\p G L 2 (C/2). Finally, we use 
this to get that 


Q 2 dfu 1 = g 5 , where g 5 G L 2 (C/2). 

Q 2 d x u 2 = g 6 , where g 6 G L 2 (C/2). 

This completes the regularity proof, since we can cover a 4/ neighbourhood by a finite number of sets 
of type C/2. 

We are only left to show that we can apply [2] Theorem 10.5, p.78] to our system in order to obtain 
higher regularity. Indeed we can apply this theorem to show: 


ll M lk*+ 1 + lblk a < ll/ll if"- 1 - 


(38) 


24 


What follows is a confirmation that our problem fulfills the ellipticity conditions of [2] . To adapt our 
notation to the one in [ 2 j we will write (it 1 , it 2 , it 3 ) = (ii^ii 2 ,^). 

In [2] pp.38, 42] the system is written like 

lij(x, d)u J = F it 

with the boundary condition 


Bh,j(x : d^Uj — (fih ■ 

In our case we have the correspondence 


= 1 - Q 2 A, 

l\2 — 0, 

ll3 

II 

?r 

CD 

Fi = h 

= 0 , Z22 = 1 

-Q 2 A, 

1 23 

= A k2 di , 

F 2 = f 2 

Z31 = Akidk, 

Z32 = A, 

fc 2 < 9 fc, 

Z33 = 0 , 

O 

II 

r « 


And the indices tj and Sj can be taken as 


1 1 — 2 , ^2 — 2 , t 3 — 1 

si = 0 , s 2 = 0 , s 3 = -1 

It can be checked that with this choice Z- is given by 

Zn = —Q" A, Z 12 = 0, l 13 = Akidi, 

l 2 i = 0) ^22 = — Q _ A, l 23 = A k2 di, 
Z 31 A kk d k , l 32 = A k2 d k , l 3 3 = 0, 


where IB is defined in pages 38-39 of Also 

B 2 i = (f Ann j + t 3 Auni)dj , 1 = 1,2 

B 23 = 0 


and the indices r\ = — 1 and r 2 = —1. With this choice B[- = B t j (see [2] p.42]). 
We can write 


and 




-Q 2 (ei+dI) 0 A kl { k \ 

0 -q 2 (o+& A k2 £ k 

A k i^k A k 2 ^k 0 J 


B[x, £,)ij 


-2n l An(n ■ £) 
t l A a (£ ■ n ) + n l Anit ■ £) 


- 2 n l A i2 (n ■ £) 
t l A i2 (£ ■ n) + n l A i2 (t ■ £) 


1 

0 


Let L = det(/L (£,£)), i.e. 


l(x,o =det (i\x,s)) = Q 2 (.ei+&){A k ^ k f+Q 2 {ei+e 2 ){Ak2^) 2 

04ii£i + A 2i £ 2 ) 2 = AUl + A 21 ^ 2 + 2AnA 2 i^i^ 2 
(-Al2^1 + ^22^) 2 = ^ 12^1 + Al 2 £,2 + 22ll2A 22 ^i^ 2 

=* m,o=Q 2 (e 1 +e 2 )Q 2 (e 1 +e 2 )=q\h = q 4 ki 4 

To know whether the system is uniformly elliptic, we are left to check that it satisfies the Supplemen¬ 
tary condition (see [2J p.39]). The degree is 4 and therefore m = 2. We need to compute the solutions of 
L(P, £ + t£') = 0, which are the solutions to |£ + r £'| 2 = 0. 


I£ + t£ , | 2 = |£| 2 + t 2 |£'| 2 + 2 t* •£' = () 
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Solving in r yields 


-2^ , + V / 4(g-e / ) 2 -4|em 2 

T 2|£'| 2 

If £ and £' are linearly independent, then the discriminant is strictly negative, which implies that 
there is a complex root with positive imaginary part. Since the roots have multiplicity 2, the Supple¬ 
mentary condition is satisfied. In addition uniform ellipticity is easy to obtain. Next we check that the 
Complementing Boundary Condition is satisfied ([23 p. 42]). 

Let to be tangential vector and no the normal one. 

Since i is a double root of L(x, to + rn) and M + (x , £, r) m p. 42]) is given by 

M + (x,£,t) = (r-i) 2 . 

In addition 

/ —Q 2 (l + t 2 ) 0 A kl (t^+rn k )\ 

t 0 + rn))ij = I 0 —Q 2 (l + r 2 ) A k2 {t^ + rn fe ) 

\ A k i (tg + rn k ) A k2 (to + rn k ) 0 ) 


We define L,;,- as in |2J p.42], and we have that. L(x, to + rn) = l'(x, t + rn). Also, it can be computed 
that 


B(x, t + rn) 


—2n l AnT —2n l Ai 2 T 1 \ 

(n + Tt ) 1 An ( n + Tt) l A i2 0 ) 


Lij(x,t 0 + rn) 


-Q 2 (l + r 2 ) 0 

0 -Q 2 (l + r 2 ) 

A kl (t + Tn) k A k2 (t + rn) k 


A k i(t + Tn) k \ 
A k2 (t + Tn) k 

0 / 


(B(x, t + Tn)L(x, t + rn))ij 

2n k A kl rQ 2 (l + r 2 ) + A kl (t + rn) k 
-(n + rt) k A kl Q 2 ( 1 + r 2 ) 


2n fcJ 4 fc2 TQ 2 (l + t 2 ) + A fc2 (t + 

— (n + ri)M i2 Q 2 (l + T 2 ) 


n'AnTA kl (t + rn) k + Tn'A i2 A k2 (t + rn) k 
(n + Tty Ai\A k \ (t + rn) k + (n + Tt)' A i2 A k2 (t + rn) k 


If the rows of ( BL)ij are linearly independent modulo (r — *) , that means that the condition 

C h B h jLj k = 0 mod M+ 

implies that all Ch = 0 ([2J P-43]). If this condition is satisfied in particular 


ChB k j Lj k \ T= i — 0. 

Then C3 must be zero and the following system of equations must be satisfied: 

ciA k \t k + c 2 A k2 t k = 0 
ciA kl n k + c 2 A k2 n k = 0 


In matricial form: 


f A kl t k A k2 t k \ / ci \ _ f 0 \ 
\ A kl n k A k2 n k ) \ c 2 ) ~ \ 0 ) 

But the determinant of this matrix satifies 


A k \t k A k2 n k — A k2 t k A k \n k 
(A*t) 1 (A*n) 2 - (A*t) 2 (A*n) 1 
(A*t, JA*n) = (t, AJA*n) £ 0, 

and therefore c\ = c 2 = 0. Thus we have checked that the complementing Boundary Condition is satisfied. 


26 





Finally we notice that our system can be written as in [2] p. 71], where the coefficients are 
smooth. In our case the index 1 1 in (2] p. 77] is l\ = 0. The index l in [2] coincides with s — 1. That 
means l = 0,1,2. The regularity we ask for the coefficient bhj,a is C l ~ Th (cf. [5] p. 77]). The most we 
need is therefore bhj,a £ C 3 . Since these coefficients are one derivative less regular that the boundary, 
a C 4 boundary is enough for our purpose. This fact finishes the proof of the inequality (1221) if s is an 
integer. For the rest of the values we proceed by interpolation. 

So far, we have solved the system with Rf. We need to do it with a general / 

u - Q 2 Au + A*Vp = / 

Decomposing / = Rf + X7i tj, we obtain 

u - Q 2 Au + A*Vp = Rf + Vttj, 
and we choose p in such a way that 

A*Vp = RA*X7p + A*Vnj, 

and we know that 


Hence, we need to solve 


RA*\7p = A*Vp\. 


u~Q 2 Au + A*X7 Pl = Rf, 

which we have already done before. This concludes the proof of lemma fOl □ 

Once we have studied the operator Sa we will solve the time evolution. First we will show the following 
lemma. 

Lemma 4.4 Let 1 < s < 3, A € C, 5i(A) > 0. Then the operator A + Sa ■ V s+1 —> is invertible. 

The inverse satisfies: 

IKA + ^r^/ll^+i <C(||i?/|U—i + IAI^IliJ/lUO (39) 

Proof: As before, we look for a weak solution of (A + Sa)v = Rf, f £ L 2 . Therefore, 

r dx 

(1 + A )(v,w) + (v,w) = / Rfw —-t VwGRH 1 . 

Jn Q 

The solution is given by Lax-Milgram’s Theorem. For w = v, by virtue of Korn’s inequality and 5ft(A) > 0, 
one obtains 

|(1 + X)(v,v) + (v,v)\ > C((l + lADIMli, + ||V«||iO, 
with C independent of A. Easily, the following bound is obtained: 

IMI^ 2 ^ TT\x\ mh2 ' (40) 

If / £ H s ~ l , then Lemma fOl gives v = S^ 1 (Rf — Xv) £ H s+1 , and we can get the following bounds: 

< C\\S A v\\ H s-i < (7(11(5,4 + A)v || ff .-1 + lAIIMItf-i) 

<011^/11^-1+ |A|||t,||g +1 ||t;||*. 

The case s = 1 is already solved using 65D- Young’s inequality provides 

IMUs+1 < C\\Rf\\ H s-i + + |A|^||u|| l2 . 

and we can get m using m- 

□ 


27 



In order to find the solution of 


vt + S A (v) = Rf in U s+1 , 

we take Fourier transforms in time. Since / £ Rf(0) = 0, we can extend Rf to a function Rf 

defined in _£/■&*>»—i ($7 x R), with Rf(t) = 0 for all t <0. Since < | < 1, using Lemma 15721 fii'l we get 

with C independent of T. We look for a solution of 

v t + Sa(v) = Rf, Vt £ R, u(0) = 0. 

By Fourier, Itv(t) + Sa(v)(t) = Rf, and therefore the solution is given by v(t) = {ir + Sa)~ 1 Rf ■ Using 
(1551) and (15(71) we can bound 

IMIff«.»+i ( nxR) = / (||w||ffa+i(r) + |r| s+ 1 ||D||| 2 (r))dr < C f (||I?/||^-i(t) + |r| s ^ 1 ||i?/||| 2 )(iT 

JR JR 

< U||I?/|| ff ht, 3 -i < C\\Rf\\ H ht,s~i. 


Since Rf(t) = 0 for every t < 0, Rf(r) has an analytic extension in r to 3(r) < 0. Using Lemma 
run v{t ) also has that extension. Moreover, HU) gives ||f’(r )|| L 2 < C\\Rf\\ L 2 . Thus, Paley-Wiener 
provides v(t) = 0 Vt < 0. Since v £ H^fR^L 2 ) and § < we have continuity in time and hence 
u(0) = 0. Since v £ L 2 (R; U s+1 (f2)) we have that v £ L 2 ([0, T}; U s+1 (fl)) and therefore Tr(VvA) = 0 
and ( q + VvA + (Vt ’A)*)A~ 1 n = 0. We have already solved 

v t -Q 2 Av + A*V qi = Rf, 


where q± satisfies 

Q 2 A qi = 0, inU 0 x [0, T\ 

qi = A~ 1 n(WvA+ (S/vA)*)A~ 1 n, onfflx [0, T]. 

Definition 

A*Vq = (I-R)f + A*V qi , 
gives us the solution that we were looking for 

v t - Q 2 Av + A*X7q = f. 


The properties of R allow us to obtain 

||V<?|Um-i < C\\A*^7q\\ H ht,s-i < ||(7 - + ||A*V9i|| ff ht..-i 

<( 7 ( 11 / 11^-1 +\\A*Vq 1 \\ Hht ,s- 1 ). 

We have the following bounds: 

\\A*V gi \\ L 2 H .-i < ||V<?i|| L 2 HS -i < \A~ l n((S7vA) + (VvA)*)A- 1 n\ L2HS _ h 

< ||(Vui4) + (VvA)*\\ L 2 H s < ||Vw|| L 2 ff . < ||u|| i 2([ 0T ] ;ffs +i), 


\\A*V qi \\ h ^ l2 < \A-'n{{VvA) + {VvA)*)A-'n\ H ^ H ,. 

Decomposing into the tangential and normal components: Vwj = (Vui • no)^o + (Vu* • to)to, we can 
bound each of them by 

|Vui • to\ H *^i H i < C\vi\ H ^ Hi < C\\vi\\ h s=i r2 < C\\vi\\ H ht,s+i, 

|Vw» • < \X7vi ■ nol^M.s-i < C\\vi\\ Hht ,a+i. 


28 


Above we have used Lemma 13.11 (i). This yields 


\\A*y qi \\ H ^ L2 <C\\v\\ Hht ,s + ,. 

and therefore 

||A*Vg||„«, s -i < C\\f\\ Hht ,s-i. 

Since (/ — R)f\an 0 = 0, we have that q = q± on c>Do. This implies 

= \qi\ H Ht,s-' = \A~ l n{{WvA) + (X7vA)*)A~ 1 n\ Hht ' S _i 

< [A-'ndVvA) + (VvAY^-'n \ L2R ._ h + + (VuA)*)A- 1 n| fff _ ii2 . 

Decomposing into the tangential and normal components as before, we find finally 

\Q\ H M,.-i < \\Vv\\ L2H s + |Vvi ■ t 0 \ H *_ iL2 + |Vvi ■ n 0 \ H s_i L2 

< \\v\\l2h°+' + \vi\ Hi _i H1 + I Vvi ■ n 0 

< ||w||jjht,»+l + \\v\\ Hi _l Hl+i + |M|jyht,.+l < ||u||iJ«,»+l. 


4.2 Reduction for arbitrary g, h and vq. 

In this section we want to extend the result with g = 0, h = 0 and v(x, 0) = 0 to the general case: 

v t - vQ 2 Av + A*S7q = f in D 0 x [0, T] 

Tr{S7vA) = g in Do x [0,T] 

(q + (VvA) + [S7vA)*)A~ 1 n = h on i9D 0 x [0, T\ 

v(x,0) = Vq(x) in Dq (41) 


To get the space where g belongs we proceed as follows. For cj> £ Hq it is easy to find 

J ^(Tr(VvA))</>(x)^^ = J Tr{yd{vA)(f>(x)-^^ y = J d 0 t vA*S7(j) 


Q 2 (x)' 


Then 


and duality provides 


di{Tr{S7vA))<j){ x) 


dx 


Q 2 (x) 


< \\d J t v\\ L 2(t)\\V(i)\\ H i, 


||^(Tr(VuA))|| i/ -i < ||^u|| L 2 (t), with H 1 = 


For j = ; integration in time yields 


\\Tr{WvA)\\ H s±i H i < ||u||. 


Also, Tr{S7vA) £ L 2 ([0, T\; H s ), which implies: 


Tr(VuA) <E L 2 ([0, T]; H s ) D ([0, T]; Lt _1 ) = H ht ’ s 

To prove this fact, one can proceed for an integer number of derivatives, then interpolate for fractional 
ones (see m)- 

We check next the compatibility conditions of the initial data: 

Tr(Vv 0 A) = g( 0) in D 0 (42) 

(A~ 1 n) ± (VvoA+(VvoA)*)A~ 1 n = h(0)(A~ 1 n) ± on 9D 0 . (43) 

Taking 2 < s < §,Vq £ H ht ’ s ~ i(D x [0,T]),g £ H ht ’ s ~i(dfl x [0,T]), and defining the following 
spaces: 
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X~{(v,q):vGH ht < s+1 ,qGH^ s } 

Y := {(f,g,h,v o) : / £ H ht,s ^ 1 ,g £ H ht ' s ,h £ H ht,s ~^ (<9fi x [0,T]),w o £ H s (fl) and Ciil) — (H!Hl are satisfied} 
Then (TTH) is equivalent to solve: 

L(v,q) = (f,g,h,v o); L:X->Y, 2<s<^. 

Theorem 4.5 Let 2 < s < |. TTien L : X ^ Y has a bounded inverse: 

IIK^Hx < C\\(f,g,h,v 0 )\\ Y 

Proof: We structure the proof in 4 steps, in order to get to the previous case (g = h = vq = 0). Let 
(f,9,h,v 0 ) £ Y. 

Step 1: Initial conditions. We want to find (u 1 ^ 1 ) £ X such that L^v 1 ^ 1 ) = (f 1 , g 1 , h 1 , Vq) with 

/ 1 (0) = / (0); g 1 (0)=g(0); h 1 (0) = h(0); = v 0 . (44) 

We can first define g 1 (0) £ H s ~%(dfl) using 

q 1 (fS)\A~ l n\ 2 = h(0)A~ 1 n — A~ 1 n(VvoA + (Vuo A)*)A~ 1 n. (45) 

By the Trace theorem we can extend it to g 1 (0) £ Lf s_ 1 (f2) and we can use the parabolic trace 
ILemma ld.ll) to obtain q 1 £ H ht,s . We can use now the parabolic trace to obtain v 1 £ H ht ’ s+1 

1^(0) = r> 0 £ H s , 

d t v\ 0) = Q 2 Au 0 - A*Xq\ 0) + /(0), 9^(0) £ H s ~ 2 . (46) 

Therefore (TH1) is satisfied, thanks to C^l) . (H51) . (1T51) and CTH) . We have 

||(w 1 ,9 1 )ILy < C\\(f,g,h,v 0 )\\ Y . 

Step 2: A-divergence adjustment. We want to find (v 2 ,q 2 ) £ X such that L(v 2 ,q 2 ) = (/ 2 , g 2 , /i 2 , Vq) with 

Rf 2 ( 0) = Rf(0); g 2 (t) = g(ty Vf £ [ 0 ,T] h 2 ( 0 ) = h( 0 ); v 2 = v 0 . (47) 

We take g(t) = g(t) — g 1 (t) in H ht ’ s , and we define <j> by solving the following elliptic problem for 
every t £ (—oo, oo), after extending ~g to the whole real line: 

Q 2 A(f> = g(t) in Qq x R 
cf> = 0 on dflo x R 


This system satisfies ||<^||jj«+ 2 (i) < C\\g\\H°(t). In particular 

l|V^|| ff .+i(t) < C\\g\\ H s(t). 

Taking the Fourier Transform in time, one has, for every r: 

Q 2 A</>(t) = g(r) in x R 
4>{t) = 0 on dLl o x R. 

For A £ Hq it is possible to find 


(48) 


= J A <i>( T ) Xdx = J v(V(M)aa^ 


dx 


= - / XcfAXXA —=- V0VA dx 


A*V A 


Q 2 
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Therefore: 


J \7^\dx = ~ Jt(r)\^ VA 


e H,\ 


This implies: 


||V^|| L 2 (r) < C\\g\\ H -i(T) 

=> j ItI^IIV^H L 2(T)dT<C J \T\^\\f\\ H -l{T)dT. 

Using (BHD, we can conclude that V0 £ jjht,s+i Furthermore, since g{ 0) = g(Q) — ff 1 (0), this implies 
via (l44l) that g( 0) = 0, and therefore 0(0) = 0. We now define 

V 2 = y 1 + A*V0 £ H ht ’ a+1 , q 2 =q 1 . 


It is easy to check that 

/ 2 (0) = d t v 2 ( 0) - Q 2 Au 2 (0) + A'Vg^O) 

= atw x (0) - Q 2 Au 1 (0) + A'Vg^O) + A*V0 t (0) - Q 2 A(A*V0(O)) 

= /(O)+A*V0 t (O) 

This implies Rf 2 (0 ) = i?/(0), since i?(A*V0t) = 0 because of Lemma PTT1 By construction, it is 
obvious that g 2 (t) = g(t) for every t £ [0,T]. Since 0(0) = 0, h 2 = /i(0) and u 2 (0) = Vo- This shows 
that 63) is satisfied. 

Step 3: Adjusting the boundary conditions in the tangential direction without modifying the A-divergence. 
We want to find ( v 3 ,q 3 ) £ X such that L(v 3 ,q 3 ) = (f 3 ,g 3 ,h 3 ,v (j) with 


Rf( 0) = Rfioy, g 3 (t ) = g(ty, Vi £ [0, T] 

/i 3 (i) • (A^n ) -1 = h(t) ■ (A~ 1 n)' L ] Vi £ [0,T], h 3 ( 0) =0; Vg = vo (49) 

We will use the following Lemma: 

Lemma 4.6 Let 77 £ H ht,s ~^ (dQo x [0,T]) ; 2 < s < 77 ( 0 ) = 0. XTien i/iere exists w £ H ht ’ s+1 

such that < CI 77 I ht B _i, w(0) = wAO) = TrCVwA) = 0 and 

(A~ 1 n) _L (Vu;A + (VicA)*)A _1 n = g on dflo x [0, T], 

Proof: 

Let 0 6 H ht,s+2 , with 0(0) = 0 t (O) = 0 ,ip(x) = d n i/j(x) = 0, Vx £ 9flo, and moreover d 2 ijj(x) = 
77 ( 2 ;) Vx £ dtto x [0, T]. This choice is possible because of the parabolic trace. All that is left is to 
check that the compatibility conditions from Lemma 13. II Defining 


w = V^0 = (— d 2 P\ o P 1 diif — d 2 P 2 o P 1 d 2 ip,diPioP 1 diip + diP 2 oP 1 ( 9 2 0), 

it is immediate that u>(0) = w t (0) = 0. A straightforward, but long calculation gives: 


Tr(V(V^0)A) = 0 = Tr(VwA). 

We will now show that (A _1 n) _L (VuiA + (ViuA)*)(A _1 n) = 77 . Let Xq £ dVlg. We perform an 
euclidean change of coordinates in a way that Xq = 0,77 , 0 = (0,1). Thus, 0(0,0) = 0, as well as 
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d\ V>(0,0) and df'ip^^O). The condition <9 n ^(0,0) = 0 implies 92^(0,0) = 0, did2ifj{0, 0) = 0. That 
gives: 


v(viV’) 


o -d 2 p 2 op~ 1 d^(o,o) \ 

0 frPaoP-^^O.O) )’ 


Computing further: 


V(Vi^)A = 5 2 V(0,0) 


-d 2 p 2 d 1 p 2 -(a 2 p 2 ) 2 
[d x p 2 f d Y p 2 d 2 p 2 


OP” 1 


Thus 


//Y7/y7_l / \ , ^Y7/r7-L / 'i 4*'i — a 2 / ("o nT —2d 2 P 2 d\P 2 {d\ P 2 ) 2 — (d 2 P 2 ) 2 

((V{V A tp)A) + (V{V A ip)A) ) - a 2 V>(0,0) ( ( 9i p 2 )2 _ (5 2 p 2 )2 2<9 iP 2 d 2 P 2 


oP" 1 . 


i / -a 2 P! 


We also have that 

A ln ° = Q 2 V 9 i p i 

Combining everything, we get 


P- 1 ; (A~ 1 n 0 ) ± = 


-i m W -di p i 


Q 2 ^ —d 2 P\ 


o P~ 


((v(vi^)A) + (v^i^A^A- 1 ^ = d 2 ^ 2 ’ 0) (-c>i p i o p-ig 2 , diP 2 o p-^ 2 ) 

=► (A- 1 n) ± ((V(ViV')^) + (VlVi^A)*)^- 1 ^ = d 2 V’(0,0) 

Since <9 2 ?/>(0,0) = J2i j( n o)ididjip(. n o)j = d 2 ip(0,0), we are done. □ 

We now apply Lemma CTH to r] = h^^A^n) 1 - — h 2 (t)(A~ 1 n)- L . Equation CD) shows that 77 ( 0 ) = 0. 
Then, we can take: 


u 3 = t; 2 + u;, q 3 =q 2 - 

Since w(0) = w; t (0) = 0, we have that P/ 3 (0) = Rf( 0). Also, since Tr(X7wA) = 0, by CD . 
g 3 (t) = g(t) Vf G [0,T]. By construction, one has that /i 3 (t)(A _1 n)- L = h^^A^n) 1 - , and since 
77 ( 0 ) = 0, that implies that h 3 ( 0) = h( 0). Finally, since w(0) = 0 we obtain u 3 (0) = Vq and CD is 
satisfied. 

Step 4: h(t) = h 4 (t)\/t without modifying the rest. We want to have ( v 4 , q 4 ) G X. We have that L(v 4 , q 4 ) = 
(f 4 ,g 4 ,h 4 ,v$) with 


P/ 4 (0) = Rf( 0); g 4 (t) = g(t ); Vf G [0, T\ 

h 4 [t) = h(t ); Vf G [0,T] Vq = uq. 


(50) 


We first take v 4 = u 3 and define q by 

q = h(t) ■ A n ° - ( q 3 I + (Vv 3 A) + (yv 3 A)*)A~ 1 n 0 ■ U ° 2 on <9f2 0 x [0,T], 


|A-in 0 |2 
q(x, 0) = 0, in fig. 


h 3 (t) 


I A 1 n 0 | 


Using once again the parabolic trace, the compatibility condition is satisfied since q(x, 0) = 0 in 
dQ x [0, T] by means of CD . Therefore, we take q 4 = q 3 + q. 
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Since Vq(x,0) = 0 we have as before i?/ 4 (0) = Rf 3 ( 0) = /(0), and Tr(Vv 4 A ) = 0 because the 
velocity was not modified. At the boundary we find: 


((q 4 I + (Vv 4 A) + (Vv 4 A)*)A~ 1 n = qA~ 4 n + {q 6 I + (VtAA) + {Xv 6 A)*)A~ l n 

A 1 n A -1 ? 


= qA 1 n + h 3 (t) = h(t) 


|A _1 n| |A _1 n| 

ut+\ A~ 1 n A~ 4 n 
= W ' |A _1 n| |A _1 n| 
not ... A -1 


~h\t) 


h 3 (t ) 


= h{t) 


A 1 n 
|A _1 n| |A _1 n| 


We find u 4 (0) = vq trivially. By construction, we conclude that 

\\(v\q 4 )\\x<C\\if,g,h,v 0 )\\Y. 


h{t) 


|A _1 n| |A _1 n 
(A _1 n) J - ( A'~ 1 n) ± 
|A _1 n| |A _1 n| 

{A^n) 4 - (A -1 /!) 4 - 


h 3 (t) 


|A- 


\A 


-i. 


= h(t). 


If we consider the variables vj = v — v 4 1 qj = q — q 4 , we obtain the following problem: 


d t Vj - Q 2 Avj + A*S7qj = f 
Tr[XvjA) = 0 
(qj + (VujA) + (Vu / ~A)*)A- 1 n = 0 

Vj{x , 0 ) = 0 


infix [0 ,T\ 
infix [0, T] 
in dfl x [0, T] 
in Q, 


with Rfi 0) 


0. Using the results from the previous section, the Theorem is proved. 


Let us define the following spaces: 


(51) 


□ 


X 0 ~ {(v, q) £ X : u(0) = 0, u t (0) = 0, g(0) = 0} 

*o := {(/, g , h, 0) £ Y : /(0) = 0, g(0) = 0, g t ( 0) = 0, h( 0) = 0} 

Theorem 4.7 L : Xq —>• Yg is invertible for 2 < s < |. Moreover, HL” 1 !! is bounded uniformly if T is 
bounded above. 

Proof: It is clear that L(X 0 ) C Y$. We take now ( f,g,h,0 ) £ Y 0 and consider L~ 1 (f,g,h, 0) = {v,q). 
Then, u(0) = 0 and for every x £ dQ: 


0 = h{0)A~ 1 n = A~ 1 n{q{0)I + Vu(0)A+ (Vu(0)A)*)A- 1 n = 9 (0)|A- 1 tt.| 2 , 

o o 


which implies q{0) = 0 on dCl. 

We also have that v(t) = A*V7r(t) + R(v){t), with n £ Hq(CI) Vt and Q 2 An(t) = g(t). 
Since g t (0) = 0, that implies that 


Q 2 A7r t (0) = 0 in U 
7r t (0) = 0 in dtt, 


and therefore 7r t (0) = 0, which means: 


«t(0) = A*V7r t (0) + R(v t )( 0) = R(v t ){ 0). 
Since /(0) = u(0) = 0, we have that 
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v t (0) + A*X7q(0) = 0. 

But R(A*'Vq(0)) = 0 because of the condition < 7 ( 0 ) = 0 for every x £ <9fi. Therefore R(vt)(0) = 0, 
and Ut(0) = 0. This shows that A*Vg(0) = 0 and from that it follows that q( 0) = 0. We have proved 
that (v, q) £ X 0 . 

We are left to see that the norm of L~ l is uniformly bounded if T is bounded above. To do so, we 
use that in the case /(0) = 0 ,g(t) = h(t) = vo = 0, L _1 is invertible and its norm is uniformly bounded 
if T is bounded above (see Subsection ITT1) . For the case m, let’s see that in our construction the 
norm will not depend on time. Since the results are based on the parabolic trace, we have to see that 
it is uniformly bounded if T is bounded above. In order to do it, we shall observe that the intrinsic 
conditions of the space To already give us the result for 2 < s < |. Since /(0) = 0 and / £ jjht,a—i^ anc [ 

\ < < Hr «0< < 11 t-he trace p does not depend on time in the extension of / (see Lemma 

EU). 

We also have that g £ #^([0, T]; H -1 ) and | < < Up <*=> 1 < | < Because of that, 

<?( 0 ) = fft( 0 ) = 0 allows us to take a parabolic trace independent of time. 

Finally, h £ H s ~? , and | < § — \ < 1 Therefore, we only require h( 0) = 0 to obtain a parabolic trace 
independent of time. 

All this reasoning allows us to conclude that ||L _1 || is uniformly bounded if T is bounded above. 

□ 


5 Fixed point argument 

In section [4] the system (1171) . (1151) and (1151) was solved uniformly in T (for small T) but with the initial 
conditions v\t=o = 0 and d t v\t-Q = 0. Then we still need to carry out a small modification of (11711201) to 
be able to apply the result of that section. 

Let’s define the approximated solution cf> in Ho x R as follows 

4> = v 0 + f exp(—t 2 ) (Q 2 Av 0 - A*S7q^) , (52) 

We shall show we can choose q, $ in such a way that d t (/)\t=o = d t v^ | t= o for all n. 

We specify who q<p is. Given the system (11711201) . for 

v {n) =£}(«) o p 

q(n) = ~{n) 0 p 

we have that 

<W n+1) - Af/ n+1 ) = - Vg (n+1) + / {n) in fi 0 
V • u (n+1) = 5 (n) in H 0 

(V" +1) I - (Vu (n+1) + (Vr^ n+1 ^)*)j n 0 =/i (n) on <9fi 0 

v|t=o =vo, 

where vo = Vo 0 P, ^ o P, g( n ) = gW o P and = h^ o P. Taking the divergence on the 

first equation yields 

d t V ■ v {n+1) - AV • v {n+1) = - Ag (n+1) + V • f {n \ 

Thus, taking into account the third equation, we find by solving 

-A 9 ( n+1 ) =d t g {n) - AgW - V • / (n) in H 0 
q (n+1) \an 0 =n 0 (W n) + (W">)*) |on 0 ■ n 0 + h ™| an „ ■ n 0 . 

Next notice that f <J '\ g^ and in (1511) . (1221) and (1551) are equal to zero at t = 0. Thus, calling 
q 0 ") = q^ n ^ |t= 0 ; we have that 

-Ag(" +1) =(d t g^)\t=o 
Qo n) \dn 0 =n 0 (Vw 0 + (Vw 0 )*)n 0 . 
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Now we focus our attention in the structure of g^ in (l22l) . It easy to check that g ^ o P can be written 


as 

where 

with 


g( n) oP = -Tr (Vi/ (n) ^ + Tr (W (rl) ) , 

v '(n) = jWor'oPoI 


X^ n \a, 0)=o aen Q 


Therefore 

(d t g {n) )\t=o = Tr (VuoVuo) = V • {(u 0 ■ V)u 0 ) ■ 
Because of the previous discussion we will choose q$ solving 

-A 90 =V • ((u 0 • V)u 0 ) in fl 0 
q<f\do. 0 =no (Vu 0 + (Vu 0 )*) \dn 0 n 0 - 


which is independent on the superscript n. 

Finally one finds q,p changing from f2o to 12o, 

—Q 2 Aq r f > =Tr(VuoA\/uoA) in flo (53) 

q<j>\dCi 0 (^ _1 ^o • -4 _ 1 fio) =A~ 1 fio (Vu 0 A + ( Vu 0 A )*) v4 _ 1 n 0 on d£l 0 . (54) 

Once we have defined <f we define the velocity wh”) by the expression 

w (n) = v (n) - <f>. 

Now it is easy to check that 

^ (n) | t =o = 0, (dtwto'j | t=0 = 0. 

Then it is better for our purpose to write the system (1171201) in terms of w^ rather than in terms of 
{j( n )_ We obtain that 


d t ti {n+1) - Q 2 Aw (n+1) = -A*Vq£ + V + /(»> - d t (f + Q 2 A<f - T*Vg 0 in f2„, (55) 

Tr (vii (n+1) Aj = <? (n) - Tr (V<M) in f2 0 (56) 

(g£ n+1) I- + (Vui (n+1) A)*)) A - 1 no 

= h — < 70 A -1 no + ((V</u4) + (V</u4)*) j4 _ 1 n 0 on (57) 

ui (n+ 1 ) |t=o = 0 (58) 

where /(”), g^ and are given by (1211) . (1551) and (1551) with v^ + </>. 

Remark 5.1 With this choice of the function (j> we lose regularity of the solution with respect to the 
initial data. One could look for more sophisticated choices of <fi, like Beale in m, in order to avoid this 
loss. However, this exceeds the scope of this paper. 

We now prove the following theorem: 

Theorem 5.2 Let {?^}5£Loj be the sequence given by the system (l55l) . (IHHll . 

(1571) and (1551) and (1551) with 

w i0) = 0, = 0, X (0) = a, 
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where q$ is given by (l53l) and (l54l) . <j> is given by (l52l) and v n = w^ + <f>. Then 

({™ (n) }“=o> {«£*>}“ 0) {*<">}“ 0 -a) 

is a Cauchy sequence in 

H h t,s+l ([0)T ] ) Q o) x H ht,s ([0jT]; 0q) x ps+1 ([ 0j T], Q o) 

for 1<7<s — 1, 2<s< 2.5 and 

1|uo11ijioo(Q 0 ) < C lafiolcioo ^ Cj 

for T sufficiently small. 

In order to prove this result we use propositions 15.31 and 15.41 presented below concerning the system 
(15511581) . together with (l2dl) . We start by writing this system in the more concise form 

L(w^ +1 \q^) = + {ft,g$,h$) . (59) 

where 


f+ = + Q 2 ^ ~ A*Vq, 

g\ = —Tr(V(j)A), 

= —q < f,A~ 1 no + (W<j)A + ( X4>A)*)A~ 1 n 0 . 

For technical reasons we rewrite the right hand side in a different way. First we notice that 


d t & ] = d t 


(VA (n) ) 1 = - (vX (n) ) 1 Vd t X (n) (vi (n >) 1 , 


and therefore 

d t C (n) | t =o = -V(yb 0 ). 

We define independent of n by the following expression 

^=I + te- t2 (cK (n) | t =o) , 
and also we define A^ as the matrix with entries 

d 


{At) i j = A ij +te- t l-(A'JoX) 


— Aij ~f~ ^ &kAij Aj^iVqi . 


t =0 


By using A^, we will write the system (|59D in the following way 

L(w( n+1 \q£+V) = (&\g^,h^) + (f$,g$,h$), 

with 

g(n) =g (n) + tr - tr (V<M) 

and 


(60) 


g% =94, - tr (v^^) + tr (V<M) 

In this situation we have the following result. 


Proposition 5.3 1. Let — a £ F s+1 , and w^ £ j { ht , s + 1 an d such that 


I w -aJl-aeF !+1 : 

X — a — f A(f> dr 

w (rl) 

— Ba4> 

< N 

jjht,s+ 1 

Jo 


Then, for small enough T > 0, depending only on N and vo- 

A(" +1 ) - a £B m 



F s +1 
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2. Let X^ - a, X^ n ~^ - a e F s+1 with yW.tjC"- 1 ) g and such that 

v {n) , <M 

fjht,s +1 ^/itjS + l 

||X<"> - a|| F .+i, - a|| F -+i <M 

for some M > 0. Then 

|| X (n+i) _ x(”)|| FS+ i < C{M)T e ( 

/or a small enough e. 

Proof: Part 1: 


u<"> - 


H ht ,3 + 1 " " J 


We start by remarking that if the norm 
It will be enough to show that 

r t 


A<j> 


= 0, then the solution trivializes and X = a. 


_ps + l 


X^+V-a-f A<f> dr <c(n , X^ - a ,v 0 )t 

Jo F 3 + 1 ' F “ +1 ' 


since, as X^ S Ba 0 , this inequality implies that 

X( n +V-a - [ A<j>dr 
Jo 


<C{N,v 0 )T s . 


F s + 1 


Here C will be a constant that may depend on TV, and vo and we recall that C can mean different things 
in different lines. To conclude, we will only need to take 


T e < 


fo A J> dT 


Fs+i 


C(N,v 0 ) 


The definition of F s+1 and tJ n ' 1 imply 


u 

< 

Jo 

F s +1 


AolW/l 


F s + 1 


J (a O X {n) - A} (fdr 


F s +1 


< 

[ A oX^w (n) 


[ dolW/) 


Jo 


Jo 


H 2 H 


J (a O X^ - a ) (j)di 


LT}*H-+' 


(a oX< n >- a) J>di 


H 2 H~I 


= 11 + I '2 + Li + I 4 . 

To estimate I\ we proceed as follows. Applying Holder and Minkowski inequalities yields 


[ AoX {n) w {n) dr 

< T3 

A oX (n) w (n) 

< pi 

A 0 X (n) 


W (n) 

Jo 

L ?,* B ‘ +1 


ifOfl-a+l 


L°°H °+1 



h°h “+ 1 


Lemma 13.91 implies 


Therefore 


For + we have that 


A oX (n) <c( 1 + X (n) -a ) 

L“ff s +i V F' + O 


L < T*ClN. 


*c(i 


X {n) - a 


„ ,vo) 

F “+ 1 / 


h < 


[ 4olW w W 

< 

A oX^w (n) 

Jo 

H 2 H~t 



mH t 
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where we have applied Lemma 13.41 with e = 0. In addition, applying the third part of Lemma |3.7I and 
Lemmas 13.31 and 13.41 yields 


< C(M)T 


w 


mm 

(n 


< C(M) 


<W r 


< C(M) 


m+ s m 


< C(M)T e 


w 




mm 

jjht,s +1 


f dtw {n) 

J 0 


Hl+S-eR-f 


Here e > 0, e < <5, S < s l 2 7 . Similar computations show that 

I 3 <T*C(N,v 0 ). 

For J 4 by applying the second part of Lemma 13.41 with e = 0 and the third part of Lemma 13.71 we 
have that 


h < 


{AoX^ - A)(j) <C{M) AoX^-A 


mm 


mm 


To finish the estimate for I 2 we will apply the second part of Lemma 13.41 in such a way that 


4olW-4 

_ 

[ dtUoXW - A) 

< 

[ dt(AoX^-A) 


mm 

J 0 

mm 

Jo 


H l + S-e H i 


< CT e 


AolW-4 


m+‘m 


< CT £ 


I<") - 


m+ s m 


I 11 order to obtain this last estimate we have applied Lemma 13.91 and part 3 of Lemma 13.71 for e > 0 and 


e < 5 < 

This concludes the proof of part 1 of proposition 15.31 
Part 2: 

From (12411 we have that 


J^(n+!) _ J£(n) 


F s +1 


J (a O X("V n ) - A o dr 

J (dolWvW-dojM^Mjrfr 

= h+h 

In order to bound I\ we notice that 


F*+i 


L T/i m^ 


mm 


Therefore 


< t? 


h < T 3 
< T* 
+ T3 


A o X^v^ -A o X^-Vy^-^di 


(A o xWyW - A o x( n ~ 1 ) v ( n - 1 )') 


jya + i 

mm +1 


(4oXW-4olMj„W 

(«(") - v^-^A O X<-’ 


- 1 ) 


H°H S+1 

mH *+1 


= ^11 + 112 


In addition 
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Ill < T 3 

< MTi 

< MTi 

< C(M)Ti 

< C(M)T* 


AojW^AolM u (n) 

LooH s + l 

M(i (n U (n " 1) ) 

x(") — 


H°H 0+ 1 


L^ffo+i 


L°°H°n 

X (”) — 


L°°H B + 1 


L T, 4 ffs+1 


where we have applied Lemma 13.91 and that iL s+1 is an algebra as stated in Lemma 13.51 RR{x : y ) is 
defined via 


RR{x,y ) = 


^P) - A(y) 
x-y 


Also we have that 

Ii2 < CT* 


Aolf"- 1 ) 


< CT* (l + 

< C(M)T3 


L°°H S +1 

X("- x ) - a 


u (n) - P n " 1} 


H°H B +1 


«(") - n (n “ 1} 


Thus 


h < C{M)T 3 
It remains to bound J 2 . 

h = 




L °° H s n / 

H°H B +1 


i V4^ s+1 


«(") - n (n - 1} 


H°H*n 


v(") - n (n_1) 




Jo 


H 2 H7 


and applying Lemma 13.41 with £ = 0 we have that 


I 2 < 


A o X (n V n) - A o x (ri-1 V n_1) 


mm 


We will decompose that term in the following way 

A o AT( n V n) - A o x (n-1 V n-1) =(A o X< n > - A o X^" 1 V (n) + (A o X<"> - A o X*"- 1 ^ 

+ AoX( B - 1 ^!ljW-TIJ (n " 1) ). 

Thus 

I2 < /21 + ^22 + I23 

with 


hi = 

122 = 

123 = 


(A o X(”) - A o X^- 1 V' (n) 


H 1 m 


(AoX w - AoX^p 

AoX^^ffflW-fflf"- 1 )) 


mm 


mm 


For / 21 , by applying Lemma [3771 (1<7<s— l),we have that 


(AoXW-AoX *"- 1 )^ 1 


mm 


< C 


AoX (n > - AoX 1 "’ 1 * 



w {n) 

H 1 Hi 



mm 


<C(M) A o X (ri) - A o X (n_1) <C(M) RRfX^^X^-VVxW-X^-V) 

mm 


mm 


39 



































































































Then the third part of Lemma 13.71 yields 


hi <C(M) 


X (h 




< 

mm 



(x(”) dr) 


H l + S-e H -y 


< C(M)T E 


X ( n ) _ 


m+ s m ’ 


where we have applied Lemma f3.31 with e > 0, <5 > e and <5 < 

The term I 22 is quite similar to hi- The only difference is that we have to apply the third part of 
Lemma 13.71 to obtain that 


(A o X^ 


AoX^ n - lS >)(j) 


mm 


< C{M) 


AoX {n) 


lolf"- 1 ) 


mm ’ 


Finally 


w h) _ w h-i) 


J 23 < C{M) 

by applying the third part of Lemma 13.71 Also we can compute 


mm 


I23 <C(M) 
<C(M)T‘ 


«;(") - 


w (n) _ w (n-l) 


H l+6-e H ~, 

JJht,s +1 


< C(M)T e 


w (n) _ W h- 1 ) 


m+ s m 


for e > 0, S > e and <5 < s \ 1 . 


This concludes the proof of part 2 of proposition 15.31 Therefore proposition 15.31 is shown. 
Proposition 5.4 1. Let X ( ra ) — a £ F s+1 , qff^ £ H%* ,s and w ^ £ iJ w,s+1 ; and such that 


X h) _ 


F s+1 


,<N 


(u> (n) ,g£ 0 ) € {(w,q) £ H ht ’ s+1 x H%’ s : w|t=o = 0,cH t=0 = 0, 
11 ( w i o) ~ L 9cf>-> h<t>) | \]jht,s+i 
\L 9 c /»h ( i,)\\ Hht ' S+lxH ht, s '^ 


< 


= Br- 




□ 


Then 


(w^ +1) ,q^)£B L - 1(u , w . 

2. Let iW - a,X( n ~ 1 '> - a £ F< s+1 ) and «;("), £ H ht ’ s+1 , with w (7l) | t=0 = w ^ n ~^| t=0 = 

dtW^\t=o = 9tW^ ra_1 ^|t=o = 0 and such that 


X<"> - 


a 


F^ 1 


x^-v - 


<M 


F *+1 


«(") 


u (n - 1} 





<M 


JJht,s + 1 

'iw II H2i' s ' W'ini IIid**' 8 — M 

■ LJ -r>r ■“■nr 


lk£ n) ll^,lk£ n - 1) l 


Then 


w h+i) _ w (n) 


fjht,s +1 


lk ( 


< C(M)T e ( 
for e small enough. 


W H _ w (n-i) 


«+i) _ gh) 


JJht,s + l 


1 h: 


ht,s 


x ( n ) — j^( n—1 ) 


JT’s + l 


|g(«) _ g ("-l)| 


'Tin 
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Proof of part 1: 

By applying Theorem 14.51 we see it is enough to prove that 


/ (n) 




g(n) 


h {n) 


H n 


for all (wW,gi n) ) in B L -Indeed 
(w (n+1 \q ( £ +1) ) - h^) 


< C ( / (n) 

<c(n, 

< 


w 


H ht,s -1 

(n) 


jjht,s -\-1 


'I?" 

H w I lff« 


(*’ 

w (n) 

(N, 

w (n) 

(n, 

w (n) 

fl“,‘+i X fl{; 


H ht,s- 

) T e 


rht,S 1 
ipr / 

T e 


’ I Iff. 


)t e , 

T £ , 

...n^iiff-O^ 


, ||gi? ) |l rrfct.s ) T 


H ht . '" qw "H. 

H ht,s+ 


3 ) 


< c 




ffM, S + l x ffM.o 




c(iV,||T 1 (/0,50,^)|| ff h t , s 
(here we recall that C can mean different things in different lines) and we just need to take 


T e < 


| 

L 

9(fn h<i>) I 

1 £f/lt,S + l 

C| 



ffht, s +l ) 


We split the proof in three parts, corresponding with the functions f^ n \ g^ and h^: 
Pl.l. Estimate for /(+: 


In this section we have to deal with /(") to estimate 


(n) 


H ht,s -1 


/ ( 


n) 


Z^ff*- 1 


p(n) 


S — 1 

H~L 2 


We will gather terms by writing /(") = ^ + fjf ^ as follows, 

/fo) = Q 2 olW( (n) a (c ( "W n) ) - Q 2 Aw {n) , 

4 n) = Q 2 o x^ n \^d (C (n) ^) - Q 2 A0, 

and 

/fo) =-4o x( n )C (n W n) + 

Above we removed subscripts to alleviate notation. Next we also ignore the superscripts for the 
reason. We firstly bound ||-|| i 2 ffs -i: 


< 


-1 


i h + h- 


\(Q 2 o X — Q 2 )td{tdw)\\ L2Ha _ 1 + I |Q 2 (C - I)5(C< 
-- *■' - - h 
get 

l 2 oI- Q 2 )C(d 2 w 


+ \ \Q 2 d((( -I)dw)\\ L2H! 
vith these three terms as follows T? " r ' T - 

t ,11 


. For I\ one can , 

\{Q 2 


We can deal with 

h <\\(Q 2 °x-Q 2 )(d<;dw\\ L2Hi 

< ||q 2 ox - Q 2 \\ LOOHB _ 1 IKIIloc^-i liacili-.ff.-i 11^1 

+ || Q 2 oX- Q 2 \\ LaoHS _ 1 HCHi-.ff.-i \ \d 2 w \| L2 ^_! , 

IHli 


and therefore 


h <C\\Q 2 o X - Q^^WXWl^^Ww^ 
<C(M)\\X - a\\ LooHs ^ |Mlff«..+i < C(M): 


(61) 

(62) 

(63) 


(64) 

same 
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Also 


h <||Q 2 (C-i)3C^|| i2ff3 _ 1 + ||Q 2 (C-i)C5 2 w || i2ffa _ 1 

IIC — (II^CIIl^h®- 1 IIL 2 i/ s — 1 + IICIIlooh"- 1 Il^ 2 H 1^2^-s-i) 

<C{M) I 1C — I| lioofl-a-1 I M \ H ht,s+1 ■ 

Identity 

c - I = (VX ) _1 (I - VX) = (VI ) -1 V (a - X ), 


allows us to get 


IIC-III, 


= H S — 


(VX)- 




II*-' 


lL“if s +i 


< C(M)T* ||X-a| 


L T/i H‘+i 


thus 

/ 2 < C(M)Ti. 

It remains I 3 for which we compute 

^3 = ||Q 2 5((C-I)9w;)|| L 2 ffs -i < ||Q 2 5C5w|| i2ffs _ 1 + \\Q 2 ((-I)d 2 w\\ L2He _ 1 
<c , (||acil L - H .-i||Hl iaff . + IIC-i|| L°°H S ~ 1 11^1 \l 2 H b+1 ) 

<c IIC - III™ !M| ffhtl . +1 < C(M)TX 


We are done with \\f w \\ L2H s-i- At this point it is easy to check that an analogous procedure yields 

\\U\\ L 2 H *-1 < C(M)Ti U\\ Hht , B+1 < C(M)Ti. 

Next we deal with \\f q \\ L 2 H s-i- Indeed, 

||/ g || L 2 JJ S -l < ||AoX(C-I)3g|| 

L 2 H S ~ 1 + ||(A- AoX)dq\\ L 2 H “- 1 

<(||A o X\\ LOBH .^ IK - I|| L o. ff .-i + P o X - AII^^.O \\dqWvg.-, 
<C(M)T^\\q\\ H ht,s < C(M)T*. 


Therefore we are done with ll/Ipjjs-i • 

Using the same splitting we now deal with ||/|| »=i : 


\\U\ H ^ L2 < | |(Q 2 o X - Q 2 )C9(C5w;)| | r2 + | |Q 2 (C - I)3(ed«0|| 


H~L 2 

+11 g 2 a((c - i)0u>) 11 ^ l2 = h + i 5 + i 6 . 


'H~ L 2 


We bound 1 4 by using lemma ET71 as follows, 


I 4 < \ \Q 2 0 X-Q 2 


'H~ 


-H 1+ 5 


(||Cll ff - ffW +i)(IIW 


H~ 


■L 2 


,+ ||P 2 


'H~ 


' L 2 


Using lemma IHTH with | = e, yields 


||<9Cdw|| s-i < ||c?C|| s-i ||9tu|| s-i 

11 ^ U H~I~L 2 '~ 11 ’"ffTifs 11 H — H 1 ~ £ 


<C(M) ||X - a\\ H ^ H2+s \W\ H ^ H2 _' < C(M), 


for s > 0 and small enough. Also 


(d 2 w\\ H ^ L2 < (lie -IIL^+1) P 2 HL- r2 < cm- 


'h~t- m+t 


H~£T- L 2 


Finally, 


Q 2 oX-Q 2 a— 1 <C(M)\\X-a\\ 3—1 <C(M) 


dtf(X-a) 

Jo 


H~H W 


< C{M) 


f(X-a) 

Jo 


s —1 

H^T~ 


£ m-^ 


<C(M)T*\\X-a\\ H ^ +eHi+s 


< C(M)T e ||X - a || F . +1 < C(M)T e 
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where we have used lemma ITTTTJ1 and the second part of lemma ITTTdl with ^ + e < 1. With this last 

inequality we conclude the estimate for J 4 . 

For I§ we have that 

h < iiq 2 iu 1 + hic - H 1 +s \mdw )\\ H ^ L2 . 

The norm \\d((,dw)\\^ has already been estimated for I 4 . Using lemma 1X51 and the second part of 
lemma IQ we find that 

lie - n\ H ^ Hl+s < CT* IK - I || H - +£ffl+5 < C(M)T*\\X a \\ H ^ +SH2+6 

< C(M)T e . 

We are done with 1 5 . For Iq we have that 

1% < I \Q 2 d(dw \| »-i + | |Q 2 (C — I)5 2 uj| | o-i 

Both terms can be handled as before. In fact 


and 


|q 2 (C - i)d 2 H\ H ^ L2 <\\Q 2 \\ m+ s IK - m+s 


d 2 


s — 1 

l H~L 2 


<C(M)T e \\w\\ Hht , B+1 < C(M)T e , 


\Q 2 d(dw\ 


0-1 < \\ Q 2 \\ m+ s || 5 <|| || 5 w;|| 0^1 


<C'||c-i|| -1 

< C(M)T e , 


\w\\ h ^l h2 _ s <C{M)T e \\w\\ Hht , s+1 


for s > 0 and small enough. We are done with Iq and therefore with \\f w \\ h ^l L2 - The same procedure 
allows us to get 

\\U\\ H ^1 L2 <C{M)T\ 

The estimate of || f a \\ 0-1 is obtained as follows 

" Jqu H—L 2 

\\h\\ H ^ L , <\\(AoX- A)(dq\\ H ^ Hi+s + ||i4(C - m\\ H ^ m+6 

-\\AoX- a\\ h ^i hi+s (||Cll ff ^i ffl+ , + l)(IK'7|| ff ^ i2 + 1 ) 

+ II^IU i +' 5 IK ~ i|| H ^i ffl+l5 (115911^-^1^^2 + 1 ) 

<C(M)T s (\\q\\ H ^ + 1) < C{M)TT 

This finishes the bounds for ||/|| 1^1 and therefore we are done with \\f\\ H ht,s-i- 
PI.2. Estimate for g^: 


We recall that 


g{n) 


g(n) 


H°H° 


gin) 


S + l 


We will first estimate the H°H S - norm and after that the H 2 H 1 -norm. We will split g in the 
following terms, 


gin) = _ Tr (^/ v in)^{n) A Q X (n)^ + jy (y y in) 

+ Tr (V0C M - Tr (VM) 

= -Tr (Xw^C^A o X (n) ) - Tr (V<XC (n) A o X (n) - C^)) 

+ Tr (W"U) + Tr {X^M 

= — Tr (Vw (n) (c (n) -l)Ao X (n) ) - Tr (x<j> (c (n) - C 0 ) A o X (n) ) 
+ Tr (Xw (n) (A-Ao + Tr (x^ (a^-Ao X^)) , 
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From the partition of g^ we have that 


H°H S 


Vt»W (c (n) - ijio X (n) + V0 (c (n) - c ^)Ao x (n) 

Xw (n) (a-Ao X (n) ) hqh + Vf/i^A^-A o X (n) ) 




H°H“ 


= II + I 2 + ^3 + !&■ 

Since H s is an algebra for s > 1 as stated in lemma 13.51 we have that 


/1 < 


C (n) -1 


L°°H S 


A oXW 


Therefore, applying lemma fTTTTTI yields 

h < C{N) C (rl) - I 


L°°H“ 




L°°H S 


Vui (n) 


£[ht,s +1 


H°H S 


In order to bound the L°°H S -norm of — I we proceed as follows. First we notice that 

( (n) - I = (vX (n) ) 1 - I = (vi (n) ) 1 (l - VI W ) 

= 1 V To; - JY (n) ) . 


Therefore 


-1 


< 


L°°H S 




< C(N)T 2 


L°°H i 
XW - a 


l("> - , 


L ?,»P a+1 


L°°H“ +1 


where we have used lemma [371)1 Thus 


h < C{N) 


w 


(n) 


ftht,s + l 


T 4 . 


Similarly we obtain that 


I 2 <C(N,v 0 )T 4 . 

In addition, by using the differentiability of A and lemma 13.91 it is easy to check that 


h <C{N)T 4 


w' 


JJht,s +1 


h <C(N,v 0 )T T 


Then we have proved that 


,(«) 


H°H* 


(n) 


) TT 

H h ‘.*+1/ 


<c(n,v 0 , 

To estimate the H~i~ H~ l - norm of we split in a different way 

5 (n) = - Tr (vw (n) ( (n) Ao X (n) ) + Tr (Xw^ n) A^j 

- Tr C (n) - o ZW) + Tr (v^(^ - ^4 o X<">)) 


= -o (n) - o (n) 
— yw y cf> 1 


where 


5 W =Tr (Vw (n) C (n) ^4 o X (n) ) - Tr (Xw^A^j 

=Tr (Vw (n) (C (n) - o + Tr (Xw^C^A o X™ - A^fj 

+ Tr (v«>< n >C f(A+ - A)) + Tr (W"^ - I)a) . 


(65) 
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and 


gf = Tr (v^(C (n) - (t)A o *<">) - Tr (v^(^ - A o iW)) 

First we will bound gffl and then we will do the same with g^"'. Taking H~^~ ff _1 -norms yields, 

Vw (n) (C (n) -C 4>)AoX^ ' 

VwW4(iolW_^) 

VtiJ^C *(A* - A) 


gin) 


S + l 

H^I~ H- 1 


< 


s +i 

H-2-H- 1 


a±l 

H 2 H ~ 1 


a + l 

if “2“ if- 1 


S7w^ n \Q-I)A 


s + l 

H~T~ if- 1 


= ii +12 + + +14. 


( 66 ) 


For I\ we have that 


h = 


< 


v«/ n) (C (n) -C^AoX^ 

fdtVw^ic 

Jo 

/ W n) (C (,l) -gftAoXl") 

Jo 

= Ill + 1 12 + A.3- 

And we bound in, /12 and /13 as follows 


8+1 


8+1 
H~2~ H- 1 


8 + 1 

H~ H- 1 


+ 


d t (Vw (n) (( (n) -gio! (n) ) 

f Vw {n) d t (C {n) - C^A o X (n) 
Jo 


s + i 

H—H- 1 


8+1 

H~T~ H" 1 


hi < 


d t W n) (C (n) -C0)Ao A (n) 


s — 1 5 


since 0 < < 1 and we can apply part 2 of lemma HOI with e = 0. Moreover, applying part 3 of lemma 

IQ we obtain that 

I 11 < C(M) Vd t w^ (l+ dolW ) C (n) -0 

h—h- 1 V H—m+sJ v 

In addition 

' C (n) - C* 8-1 < 


s — 1 

H^~m+ s 


s — 1 

H^~H 1 + S 


dt [ C (n) - C* 

Jo 


s—1 

H~2~H 1 + S 


< C 


/>-<* 

Jo 


< CT £ 


H~^~ +£+1 ~ £ H 1 + 5 
s —1 


C (n) - C* 


H^2~ +e H 1 + 6 


by the second part of lemma lT4l for 0 < + e < 1. Then lemmas [378113.91 and 13.31 imply the estimate 

we need. 

For /12 we have that, applying part 4 of lemma 1531 and part 3 of lemma [3771 


C(M) Vw (n) (l + 

H^~H 1 V 


ho. < 

H^H 1 

By lemmas ITTTTT1 and [3791 we obtain 

I 12 < C(M) 

Again we can apply lemma 13.41 to get 


A o A (n) 


„(n) 


jjht,s+1 


+v«)IN cW -« 


H+r-H° 


H+ 1 H° 


J 12 <C(M) 
<C(M) 


w (n) 

T e 


jjht,s + l 

w (n) 

T e 


fjht,s +1 


dt( C (n) -C0) 

c (n) - a 


H+ 1+e H° 




for 0 < +e < 1. Therefore lemmas 13191 and 13781 yield a suitable estimate for I 12 . The term /13 is even 
easier once we have lemmas 15311531 and m 
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Next we bound the second term in 

Vtu< n >C tiAoXW-A^) 


3+1 

H~ H- 1 


< 




H~T~ H 

dolW-A, 


But 


A o jfW - A„ 


8 + 1 , 
H 2 H 1 


f dt{AoX<ri-A4) 
Jo 


a 4-1 

H^~H 1 + 5 


H^~ + 1 H 1 + 5 


< CT e 


d t (A ojW - 


s — 1 | 1 

—+ E _yi+5 


for 0 < + e < 1. To finish the estimate for I \2 we just need to apply lemmas [3.81 and EHil 

The way to bound the third and fourth term in (1661) is somehow different. For example 

h= |W n >C, p(A^-A) 

< dtVw( n >Ct(A+-A) 

Vw^QdtA^ 


a + 1 


s— 1 

H~2~H~ 1 


VwWdt&(At-A) 


s — 1 


S — 1 


This splitting allows us to find 


h < 


dtXw^ 


+ 


Vw (n) 

Vw w 


H+^H -1 ^ + 11^ AWjjS+'jji+s 

o-i + ll^ll „ 1+ J 114* - ^IL^i 


H^~H 


'jfTffHf 


a _ 1 (1 T I I Cch I I s — 1 ) ( I I dt A(k I I s — 1 + 1) . 


H~ H- 1 ' "- r,l flT-fli+ i '' 11 V "H~ i/1+4 

Here the most difficult term to bound is the last one. We proceed as follows 


Vu; (n) 


s — 1 


< 


,,(«) 


s-1 < CT e 

H^~H° 




8—i i <CT e 

H — +e H° 




JJht,s +1 


The same argument applies to J 4 . 

The estimate of ||g^,|| »±i 1 follows similar (simpler) steps. 

PI.3. Estimate for h^: 

We will show the appropriate estimate for h^ n \ We decompose h^ = hi"' 1 + hffl + h ^ given by 

h™ = (Vu (n) C (n) VjX (n) - Vi> ( 7 l) )n 0 , 

h$ = ((Vw ( 7 l) C (ri) s4 o iWj’A - 1 o X (n) VjX (n) - (67) 

/»(") = {-q {n) A~ l o X^VjX^ + q^A- 1 )^. 

As before, we ignore the superscripts for simplicity. We deal first with the | • \ L2H s -± ■ Then 


\hv\ L2H s- h < |Vu(C - 1)VjX\ l2hS _i + |Vv(V jX - I)\ L2R 8- h = h + h- 


For I\ we find 


h<C\Xv\ r ^i |C-I| roo „ s -i |VA'| 


'L 2 H s ~? ” 'L°°H a ~ 5 

<G|NlL^ + iiic-i||^im 


L°°if s +i 


< C(M) \\X - a|| iooff a+i < C7(M)T* ||X - a|| L ff3+1 < C(M)TT 

!/ 4 


For I 2 the computation is analogous: 

h < ClVul 


1 |VX-IL -1 <C{M)\\X-a\\ LaaHa+ i 


< C{M)T 1 ||X - a|| ir/4ff a+i < C(M)T*. 
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We are done with \h v \ i. Next we deal with _ „_i. Indeed 


1 L 2 H S “f '"" u ’ r 'L 2 H 3 - 2 ‘ 

\* a —l 


I L 2 H S ~? 

\* t /1-1„ 


\h v *\ L2HS _i < \(Vv(( -I)Ao xyA- 1 o XVjX\ 

+ \(Xv{AoX-A))*A- 1 oXXjX\ l2hB _i +\{VvA)*(A- 1 oX-A~ 1 )XjX 
+ \ (VvA)*A -1 (y jX - I)\ L2Ha -i =I 3 + h + I 5 + I 6 . 


L 2 H S ~? 


It is possible to obtain 


/ 3 < c(M) wv\ L2HB _ h ic - \™\ L „ H ,-i 

^ C I Kl I L 2 H S + 1 IK — ^IIl 00 // 8 II^IIl=°_H-s+i < C(M) ||X — Q;|| L oo ffs +i 
< C(M)Ti. 


Similarly 


h+h+h < C(M) \Xv\ l2hS _i \\X-a\\ LooHS+1 


(I IA11 L°°H S + 1 + I|A|| L°°H S + 1 + 1) 


< C{M)T~* \\X - a\\ LT}4HS+1 < C(M)TX 
It remains to control \h q \ i. We proceed as follows: 

\h q \ L3H .-i < HA- 1 o X - A~ 1 )XjX\ t2 ^ + \qA-\XjX - I)| 


<C(M) \q\ L2H s_i ||X- 


<C(M)T 1/4 , 


I L 2 H S ~? 

\l°°H*+ 1 (||VX|| iooHS+ i + 1) 


L 2 H S -7! 


to end with the bounds for I h I , i. 

1 'L 2 H 2 

Next step is to deal with \h\ * i We find 

^ 1 H 2 4 L 2 

n\ H i-k L 2 < |V«(C - iy.,x\ Hi - iL2 + 1 Vvyjx - i)\ Hi - iL2 = Ad + k 2 . 

This splitting provides 

*■ £ c<r Vv\ H ._ U2 +1) ic - H„ s _ (|vx| Hl _, „, + , +1). 

We remark that the constant above is independent of time due to Lemma 13.71 It yields 

Ad < c(\\v\\ Hht ,B+i + 1) iic - m Hi - im+s (imut-i „ 2+ ,+1) 


'H2-4H 2 + S 


< C(M) \\X - a\\ Hi _ iH2+s < C(M)T<\\X - a || fff - i+ < H2+s 

< C(M)T e \\X - o|| F .+i < C(M)T e . 

Above we have used that Vi>j = (Vuj • no)no + (Vuj • to)to for * = 1,2 and 

|Vi>j • £ol s. i 0 < C\vi\ s i < C | Ki|| s i a <C , |k|| frht s+i , 

1 1 U H 2 ~ ^ L 2 — 1 'H2~4H 1 — 11 H2~4 H2 — 11 01 H nt - e +L > 

together with 


|Vci • n 0 \ H s_i L2 < |Vwj • n 0 < C\\vi\\ Hht , s+1 


These two yield 


|Vw| ff4 _ ii2 <C\\v\\ Hht , s+1 


For Ad we find similarly 


K 2 <c 


H2~4H2 


+<5 


< C{\\v\\ Hht , s+1 +1 )||A- 


We are done with \h v 


2 + s 

Indeed 


< C(M)T e . 


\ H $-i L 2- Next we deal with \ h v*\ H t-tL 2 ' 

l-K. 

+ \yv(A o X - A))*A- 1 o XXjX | * i, 


< |(Vu(C - I)A o X)* A" 1 o XXjX\ H s_ iL2 


'H2-4L 2 


H?-SL 2 


+ | (VvA)*(A _1 o X — A” 1 )V,/X 

+ \yvAyA-\XjX - I)| fff -1 L2 = K 3 + a 4 + a 5 + k 6 . 


( 68 ) 
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One can get 


K 3 <C(|Vv 




H?~?L 2 

x (\A~ l oX 




(|AoX| 




+ 1)<I V X l 


<H2 iH2 

where the constant is independent of time due to Lemma 13.71 It yields 


K 3 < C(M)(\\v\\ Hh t,s+i + 1) ||X — 


'h?-?h 2 + s 


( 11*11 


2 + s 


-6 + 1 ) 

+ 5 + 1 )) 

+ 1 ) 


< C(M)T e \\X - a|| F »+i < C(M)T e . 


Similarly 

K i+ K 5 +K 6 < C(M)(\\v\\ Hht , a+1 +l)\\X - a\\ Hi _ in2+s (||X||^_i R2+5 +1) 
< C(M)T e \\X - a|| FS+1 < C(M)T e . 

It remains to control \h a \ « i We proceed as follows: 

1 q 'H 2 4 l 2 

£ k(-v‘°* - + M _1 Vjx - 

<C(M)(\ q \ Ht _ iL , + 1) \\X - a|l H 5_j„„ + 1) 

<C(M)(| 9 | H „,,_ i + 1 )T* < + 1)T‘ < C(M)T >, 

to end with the bounds for I III , i We are done with h. 

1 'H? Ii 2 


Proof of part 2: 

It will be enough to show that 

/(") - /("- 1 ) ht i <C(M) ( X (n) - X (n - 1] 


F s +1 


«/(") - w/”" 1 ) 




+|| 9 (n) -« (n - 1 )|| jr «..), 


g {n) ~9 (n - 1] 


H 


H n 


( 

X^) 

— A^ n_1 ^ 

H - 

iTs + l 

1 

S' 

1 

( 

X (") 

— A^" -1 ) 

+ 

F s +1 

w (n) - w (n ~ 1} 


. 3 + 1 ) 5 


H ht 

flht,s+l 


+ \\ q (n) - q (n - 1) \\ H «■-)• 


Again we split the proof in three parts: 


P2.1. Estimate for /(") — f( n ^ 

We split as in ((SJ): = fw' 1 + + fq j) ■ In we split further -fw~^ = d 1 + ...+d 6 

with the following differences 

di = ( Q 2 o x( n ) - Q 2 o x(”” 1 ))C (n) a (c ( "W n) ) , 
d 2 = Q 2 o - ( (n_1) )9 (c (n W n) ) , 

d 3 =Q 2 o x< n -V(l n -Vd ((C (n) - C (n_1) )^ (n) ) , (69) 

d 4 = (Q 2 o x (n-1) - Q 2 )c (n_1) s (c (n_ 1 ) a(w (n) - w (n - 1} )) , 

d 5 = Q 2 (C (n - 1} - 1)3 (C (n_ 1 ) 3(w; (n) - u/ 71-1 ))j , 
d 6 = Q 2 3 ((C (n_1) - I)3(-u> (n) - . 

Above we do not distinguish from coordinates and partial derivatives, as all the cases can be handled in 
the same manner. Next we estimate d±. In order to do that we split further di = d\\ + d\ 2 with 

dn = (Q 2 o X™ -Q 2 o A ( " - 1 ))C (ti) 3C (n) dw ("), 
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We take 


d l2 = (Q 2 o X (n) - Q 2 o x (n - 1 ) )C (n) C (n) 9 2 ^ (n) 


IMhIIl 2 //^- 1 — c 


< C(M) 

< C(M) 


Q 2 oI w -Q 2 oX ( ”" 1) 

j^(ra) _ Jf(n-1 ) 


L°°H a 


L°°H a ~ 1 
■(«) 




£(") 
L°°H S 


a w (n) 


<9C (n W n) 

L 2 H a ~ 1 


L 2 H S 


X (n ) - x (n-1) < C(M)T 1/a X (n) - x (n-1) 

L°°H a ~ 1 


and 


I Mu 11 -i <c 

II L 2 - 


Q 2 q ^(n) _ Q2 q X ( 


L°°H a ~ 1 

- 1 ) 


f*+i 


X ( C C 


< C(M) 


We deal with above terms as before to get 


H^T" H l + 

h^ 1 m+ a 


+ 1 ) 


d( (n) dw 




s — 1 

H~L 2 


5C (n) 5w (i 


s — 1 

H~2~ H e 






For di 2 we find 

IMl2||_L 2 ifs —i < C 


lldiill a-i 

) 2 o X (n) - Q 2 o X (n_1) 


< C(M)T £ X (n) - 


^?s + l 


Q 


< C(M) X (n) - X (n - 1} 


c (: 


» 


L°°H a 


L ov H s-l 

i < C(M)T 1/4 


L OO ff 3-l 


L 2 H S ~ X 

F a +1 


and 


lldull^-i La < C | |Q 2 o - Q 2 o X^- 1 ) 


x ( C (n) - I 


3-1 

H~^~ H 1+ ' 


HT /f 1+ ' 

+ 1 ) 


sV n) 


,(«) 


< CYM) X (n) - X (n_1) < C(M)T £ 

H~2~ H 1 + e 

In order to continue we decompose the next term, d 2 = (fei + c ?22 where 

d 21 = Q 2 o X ( ” _ 1 ) (C (n) - C (n_ 1 ) )9C (n) 5w (; 

d 22 = q 2 oX (Ti_ 1 ) (c (n) - c (n_ 1 ) )C (n) 3 2 w (n) 

We take 

£(") _ 
ac (n) 


s —1 

H~^~ L 2 


x ( n ) — 


f»+l 


IldaiM^ff.-i <<? Q 2 o 


< C(M) 

< C(M)T 1/4 


L °°H a ~i 

(™) _ 


L°°H a 


( n—4 ) 


L°°H a 


L°° H 3 - 1 

dw {n) 


<9C (n W n) 


L 2 H i 


-l 


F s +1 


||d 2 i|| .=1 < C( Q 2 oX(”" 1 ) +1) 

Iff 2 L 2 H _ 2 _ ff 1 + 3 




s — 1 


<9C (n W n) 


L 2 


< C(M) X (n) - X ( ”- 1} 

< C{M)T 

For d 22 we find 

||rf 22 |L 2ff 3-i <C(M) C^-C^- 13 


s — 1 

H — H 2 + a 


dC { 


n) 


S— 1 

H~2~H* 


<W n) 





i?s + l 




dV n) 

L°° 

H s-1 



L 2 H a - 1 


< C(M) X (n) - < C{M)T X ! 4 X (n) - X (n - 4) 

L°°H S 


F s +1 
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1 ) 

s — 1 

<9V n) 


“T-tfl+e 



H^L 2 


< C(M) 


x ( ra ) — x (n_1) 


H ± 2 1 H 2 +> 


< C(M)T e 


x ( n ) — 


i^s + l 


In c /3 we split as follows cfe = cfai + d %2 with 

d 31 = Q 2 o x ( " _ 1 ) ( ( ” _ 1 ) 0(C ( " ) - C (n_ 1 ) )9w (n) , 

and 

d 32 = Q 2 o - c (ra-1) )<9 2 w (7l) . 

For d 3 i it is possible to get 

IMailL^-x <c Q 2 oX("- 1 ) _ c (n_1) 


<C(M) d(C {n) -C (n_1) ) 

“ ' ' 1 

< C(M)T 1/4 X (n) - X (ri_1) 

' f s +i 


L OO^S-l 

dw (n) 


9(C ( ”) - C (n_1) )0u> (Ti 


L 2 ff s 


L 2 H S ~ 1 


and 


IM3l||^ i2 <C( 


q 2 0 x(™- 1 ) 
x ( C ( " _1) - I 

< C(M) d(C (n) -C (n_1) ) 

< C(M) X (n) - X (n_1) 

Next, for d 32 we obtain 

IlfeW—i < c g 2 ox(- 1 ) 

L°°H e ~ 1 

< C(M) 


a —1 + 1) 

H^STH !+ 6 


s — 1 + 1 


a — 1 

H^~H S 


»_! < C(M)T' 

H~ H 2 + s 


a(C (n) - c ( "-i))9w 

0U> (tO a —1 

H~T~ H 1 - 5 

X ( n ) — x (n_1) 


L 2 


F a +i 


^(n-1) 


£oojya-l 


L°°H‘~ i 

<9V n) 


(C {n) - C ( "-I))9 2 u;(n) 


L 2 ff 3 


L 2 H S ~ 1 


< C(M) X (n) - X (n - 1} < C(M)T 1/4 X (n) - X (n - 1} 

L°°H S 


F s + 1 


The usual approach also gives 

<c(||q 2 ox("- 1 ) 


3- 1 + 1 


( C (n_1) .-1 + 1 ) (c (n) - c (n-1) )0V n) 

V jji+e / 


S — 1 

H~ L 2 


<C(M) 


1 ) 

s —1 

<9V n) 





L 2 


< C(M) 


X (") — x^ ra_1 ^ 


< C(M)T e 


x ( n ) — x^ ra_1 ^ 


H^Z- H 2 + s 

In g ?4 we proceed by considering g ? 4 = d 4 i + g ? 42 with 

d 4 i = (Q 2 o X^” 1 ) - Q 2 )C (n " 1 ) 9C (ll “ 1 ) 5(w (n) - 

and 

d 42 = (Q 2 o X^" 1 ) - Q 2 )C (li “ 1 ) C (n_ 1 ) 9 2 (w (ri) - 
For d 4 i it is possible to get 

IM4i|| L2H a-i <C Q 2 oX<"- 1 )-Q 2 

£(«-l) 


_ps + l 


< C{M) 

< C{M)T 1/4 


L”H s -i 

X ( ” _1) - a 


LooH s-l 

dC^-^diw^ -w( n ~V) 




dC ( 


n—1) 




L 2 if s_1 

<9(w; (7l) - w/"" 1 )) 


L 2 ff s 


uj(") - 


JJht,s + l 


























































































































































and 


l|d 4 i|| ff -i i2 < C CfoX^-V-Q' 


H^2 1 H 1 + c 


(n-1) 


< C(M) 

< C(M)T‘ 

For c?42 it is possible to get 


X (n-1) - 


H~ 


± + 1 ) | |ac (n_1) 5(u) (n) - w (n - 1} ) 

d(w^ - w^-V) 


H^L 2 


w (n) _ w (n-l) 


H~2~H 1 + 

£[ht,s +1 


d( ( 


n— 1) 


H^~H 5 




11 <^42 Wl^H 3 - 1 — C 


Q 2 oI ( "- 1 ) - Q 2 



An- 1) 
s 

2 

L oc H s-l 


L oo H s-i 


d 2 (w M -w( n -V) 


L 2 H“~^ 


< C(M) 


XW -. 


< C(M)T 1/4 


W ( ") - 


a 2 ( w (") -tyC"- 1 )) 


L 2 if s_1 


J]ht,s +1 


and 


IM4 2 || H - i2 <c 


Q 2 oX ( "- 1} -q 2 
2 


s-l 

H~2~ m+e 


( C (n_1) .-1 +l) d 2 ( w ( n) 

\ H — Hi+t ) 


X< n > - 


S-l 


(”) _ y,( n ~ 

d 2 (w ( - n) - w^-V) 


s — 1 

H~L 2 


U ,W _ w (—1) 


J^h.i,s + 1 


< C(M) 

< C(M)T' 

Analogously, one could take d 5 = dsi + d $ 2 with 

d 51 = Q 2 (c (n_1) - i)ac (n_ 1 ) a(w; (n) - u/ n_1 )), 

and 

d 52 = Q 2 ( C (ri - 1} - I)C ( "- 1 ) d 2 (w( n ) - w (n - 1} ). 

The splitting yields 

IM5i|| L 2 HS -i < C'||c (n_1) - I 

< C(M)T 1/4 


s — 1 

H~ L 2 


L°°H a ~ 1 


ac ( 


n—1) 


w<") - 


Loo h s-i 

J]ht,s +1 ’ 


d(u; (n) - w^-^) 


L 2 H a ~i 


and 


||d S i|| ffif i i2 <C' C (n - 1} -I 


< C(M)T 

For d 5 2 we proceed as follows 

IM 52 W- < C (M-I 


s — 1 

H^~H 1 + a 


w (n) _ w (n- 1) 


ac (n_1) 


^j/lt,S + l 




9( 


(") - 7/,( n - 


w y J — w 


1} ) 


s — 1 

H^2~ H i— 5 


L oc H s-l 


c ( 


n—1) 


< C(M)T 1 / 4 




L°oJJs-l 
JJht,s +1 ’ 


a 2 (u;( n ) - w^- 1 )) 


L 2 H a ~ 1 


\\d 52 \\ H ^ L2 <C 


s — 1 

H~2~m+‘ 


(ll<< 


i-i) 


s-l + l') 9 2 ( 


w(") - w ( ”-i)) 


s —1 

H~^~ L 2 


ty(") - it?*"" 1 ) 


J^/it,s + l 


< C(M)T e 

Finally, writing c?6 = c^i + ^62 where 

d 61 = Q 2 ,9C ( ” -1) <9(w; (n) - u> ( " _1) ), and d 62 = Q 2 (C (n_1) - I)a 2 (w;( n) - 
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it is possible to find 


II* 


ill l 2 ^- 1 - 


-i <C 


dC { 


n— 1 ) 


d( 


( n ) _ ,„( ri - 1 )' 


< C(M)T 1/4 


L °° H s i 
u/ n) _ w (n-l) 


— w 


L 2 H S ~ 1 


JJht,s +1 


and 


||*i|| .-1 <C ac (n_1) 

11 — L 2 - ^ 


H^ 2 ~H S 


d{w^ n) - w^-V) 


s-1 

H~T~ H 1 - 3 


w (n) _ w (n-l) 


< C(M)T 
For de2 we proceed as for d 52 to get 

11 * 211^.-1 < C(M)T 1 / 4 
\\d e 2 \\ H ^ L 2 <C(M)T* 


fjht,s+l 


w (n) _ w (n-l) 


w ln) - w in - 1] 


J]ht,s- 1-1 
fjht,s +1 


We are done with f— /i” To continue with we decompose as before but this time 

using fjp n) - 4 ” _1) = 4 + 4 + d 9 where 

d 7 = {Q 2 o X W -Q 2 o , 

4 = Q 2 o x(n-% ( n) - C (n - 1} )9 (C ( " 

d 9 = Q 2 o ((C (n) - C ( " _1) ) 

If we proceed as for di, c?2 and d% it is possible to find 


F s +1 


||4 + 4 + 4l|^ t , s -i < C(M)T e x^-x^-V 

We move to the / term involving q. The splitting fq — fq U 11 = d\ + d\ + d\ + d\ with 

d\ = —(A o X^(C (n) - 
d\ = -((A o X - A o x( T *- 1 ))(b- 1) )*v 9 W ) 
d\ = -( A o X4-D(£(«-!) - I))*V(q (n) - g (n_1) ), 

4 = -(do X (n - 4) - A)*V(g (n) - q (n ~ 1} ), 

allows us to do the work. In fact 


\\d\\\ L , H s-, <c c (n) -C (n_1) Aoi ( ' 


L°°H S 


L°°H S 


Xq 


(n) 


L 2 H S ~ 1 


< C(M)T 1/4 X (n) - X (n ~ 1} 


F s + 1 


\\d\\\ H ^ L2 <c 


H ± 2 1 H 1 + c 


( lol(" 


a — 1 + 1 

H~Z— H 1+€ 


Xq 


(n) 


3 — 1 +l) 

H~^~ L 2 ) 


F° +1 


< C(M)T e X (n ) - X (n - 1} 

Sharing norms in the same manner gives 

\\d q 2 \\ L2H 3-i < C[M)T X ' 4 ||X^ - X( n -V 

and 


\\d q 2 \\ H ^i L 2 <C(M)T‘ 


x ( n ) — 


_ps + l 


i^s + l 


( 70 ) 
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In a similar way 


||dill La *.-i<C C ( "- 1} -I 


loll"- 1 ) 


L°° H s ~ 

<C(M)rV 4 


L°° H s 


V(g (n) -g (n_1) ) 


L 2 // 3-1 


L 2 i/ 3-1 


< C(M)T 1 / 4 || 9 £ n) - g£ n-1) || J? ht.., 


and 


P!H^ l2 <c' c (n - 1} -i 


s — 1 


3 — 1 

H^~H 1 + € 


X ( loll"- 1 ) 

< C(M)T e ||v(g^ — 

<c(M)r £ || g W-^- 1 )||„«, 8 . 


+ l) ||v( 9 (n) -g (n - 1} ) 


H^L 2 


S — 1 

H~L 2 


Finally 


IKII^*-! <<? lol*"- 1 )-! _ V(gW 


L°°H S 


L 2 H S - X 


<C(M)T 1 /4|| g ( r )_ (? ( r -i)|| 


and 


I Id! 11 ,-i <C 

II 4H ff~L 2 _ 


s — 1 

H^~H 1 + 3 


loll"' 1 )-! 

<C(M)T e || (7 W-g£"- 1 )|| ff « 

P2.2. Estimate for g^ — gl™ -1 ); 

We are concerned with the estimates of the norms 


V(<? ( 




H^T-L 2 


gin) _ gin- 1 ) 




m ht,s — 


ff (n) - 




+ 


gin) _ gin-1) 


S + l 

H^r h- 1 


where we can write </" 4 ) — g I™) = d\ + d 3 + + d 4 where 

ch = -Tr((Vu (n) - Vu (n " 1) )(C (n) - I)A o X (n) ), 

d 2 = -Tr(Vt;< n - 1) (C (n) -C (n_1) )4oX< n >) 
d 3 = —Tr(Vw ( " _1 ^C ( " _1) (A o X (n) - A o X (n - 1} )) 
d 4 = —Tr((Vi/ n ) - V« (n - 1) )(l o X (n) - A)). 
First we will estimate ||<?! ra ) — gl n_1 ) \\ H o H s ■ With d\ we proceed as follows 

(Vv (n) - Vv (n “ 1) )(C (n) - I)A o X (n) 


lid 




< 


C (n) -1 


L°°H S 


A oXW 


ffOff 3 


H°H 3 

Vw M - Viol"" 11 




Then lemma [T9] implies 

\\di\\ H o H s <C(M)||c (n) -I 
And therefore, by using (17)51) we obtain that 

m\ H0Ha <C{M)T* 

For d 2 we have that 


L°°H S 


w in) _ w in-1) 


J]ht,s +1 


w in) _ w in-l) 


J]ht,s +1 


\\^\\h°H 3 - 


Viil"- 1 ) loX ( 


H°H 3 


L°°H S 


_ ^O- 1 ) 


L°°H S 


(71) 
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Thus, using that 


(■(") - £("-!) = (VXW)- 1 ^VI (n_1) - VI (n) j (VX (n_1) ) _1 


yields, 


\\d2\\ H o H s < C{M)T 3 


X (") — x ( ^ n ~ 1 ' > 


L T/i HS+1 


The estimate for d% follows the next steps 




Vw (n_1) 


H°H“ 


c ( 


n— 1) 


L°°H S 




L°°H S 


< C(M) RRiX^X^-^iX^ - X (n - 1} ) 


L°°H° 


< C(M) 

And for d 4 we have that 


X ( n ) — 




< C(M)T2 








«(") - u (n - 1} 


Jf/lt.S + l 


A o *(") - A 


L°°H S 


< C(M) 

< C{M)Ti 


«(") - n ( ” _1) 


X {n) - a 


fjht,s +1 



L°° h s 


w (n) _ w (n-l) 


ffht,s +1 


It remains to estimate the 11 • 11 »+i norm. For di we have that 

" " h~h - 1 

di = - f Tr(<9 t ((W n) - W n - 1} )(C (n) - I)A o X^))dr = d n +d 12 + d 
Jo 


where 


d n =- f Tr(d t (Vv ^ - Vi>(" -1 >)(C (n) - I)A o X^)dr, 
Jo 

di 2 = — f Tr((W n) - Vu (n_1) )9t(C (n) - I)A o X^)dr, 

Jo 

dis = - f Tr((Vw (7l) - Vr; (n - 1) )(C (n) - I)d t (A o X^))dr. 
Jo 

By applying lemma ITTTdl with e = 0 we obtain 

||dii|| a+i _ < 

H 2 H 1 

Now we use part 3 of lemma [5~5l to yield 


H^r~ h- 1 


11 dn 11 a±i < <9 t (W n) - Vu^" 1 )) 
11 "h—H- 1 v ' 


H^H- 1 


C (n) -1 


H^~H 1 + S 


1 + 


AolW 


(72) 


H^~H !+*y 


w (n) _ w (n-l) 


In addition lemmas 13.9113.81 and 13.31 imply 
||dll|| a±l < C(M) 

" " H~ H- 1 ~ v ' 

And we can apply the first part of lemma 13.41 to get 

d t Ac (n) -I) 

Jo 

< CT e C (n) - I 


fjht,s +1 


C (n) -1 


H~2~H 1 + S 


C (n) - I 

< 




S — 1 


Ac w -i) 

Jo 


H + e + 1 “ e H 1 + s 


H^2~ +e m+ s 


for 0 < + e < 1. Thus, by lemma [XU 


IldiiH^^ < C(M)T S 


w {n) - «,("-!) 


JJht,s +1 
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Next we bound di 2 - We use a similar argument but using part 4 of lemma 13751 instead of part 3 and 
using a small modification of part 3 of lemma 13.71 Indeed 


||di 2 || 4*1 = (Vw (n) - Vu> (n-1) )atC (n) 4 ° x(r ' 


s — 1 

H^~ H- 


< C 


(Vwto - Vw (n_1) )9tC (n) 8—i (1+ A oX(") ). 

H~ H- 1 H — Ht+t 


In addition we can make the following splitting 

IM12II i±i <c - Vw<"- 1 >)($c ( " ) - a t c (n) | t =o) 


s — 1 


c 


(Vw (n) - V«; (n_1) )5tC (n) l*=o 


< C 

Since 

and 


(VwW-Vwt"- 1 ’) 


H^2~m 


dtC {n) - <9tC (7l) | t =c 


a-1 + C 


Vw (n) - Vffit"- 1 ' 


s — 1 


dt& ] - ftC 


(n) 


t=0 


< C(M)T e , 

H — H° 


Vw (n) - 


< C(M)T e 

H^2~ H- 1 


- W <.»-D 


flht,s+1 


we obtain a suitable estimate for di 2 - 

The term d\3 does not cause any difficulty and it can be handled as before. 
The estimate for d 2 follows similar steps, 


H d2 H ~ 


a + 1 

H 2 H~ 


(73) 


< 


I \d 2 11 4±1 < 

" " H~ H - 1 


«+i 

H~2~ H" 1 


- C (n-1) )a4 O X (n) 

[ 9t(Vw^ n_1) (C (n) — C ( " _1) )^4 o X (n) ) 

Jo 

and therefore 

' ftVw ( " _1) (C (n) 

Vu (n_1) 9t(C (n) - c (n_1) )^ o I<") 

Vw (n_1 )(C (n) - C (n_1) )9tA o iW 

Each addend is estimated in a different manner as follows 

INL^ii <c(M)(i+ va^- 1 ) ) c (n )-C ( ” _1) s—i ( 1 + ) 

if 2 if- 1 ff-2 - ff-1 n^-ffi+s H~2~ H 1 + 5 * 

) 


H^H- 1 


S — l 


S — l 


+C(M)( 1 


Vu (n) 


H~2~H~ 

8-1 ) a t (c (n) -c (n_1) ) 

H 2 H 1 


s-l (1- 

if—ffO 


AolW 




+C(M)(1+ W n) ) C ( ")-C ( ” _1 ) s -1 (1+ dtAoXW 8-1 ), 

if—if 1 H — H° H—H'+t 

and we have already bounded every term in here. 

We will give full detail for c? 3 . Again we can split d 3 in the following way 

d 3 = - f TrdtiXv^-^C^-^iAoX^ - AoX^-^dr = d 31 +d 3 2 + d 3 3 

Jo 

d 31 =- f Tr(5tVw (n_1 - ) ^ (ri_1) (A° X (n) - 4°X (n_1) ))c?T 

Jo 

d 32 =- f Tr(Vn (n_1) a t C (n_1) (AoX (n) - A o X (n_1) ))dr 

Jo 

d 33 =- [ Tr(Vt)( n - 1) C (,, “ 1) 9t(i o XW _ i o 

Jo 


where 


(74) 
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The estimates of these three terms follow similar steps as those for d\ and d 2 - First we apply part 2 
of lemma 13.41 with e = 0 since 0 < < 1 to find 


||d 3 i|| 41 < dtVv^-^C^-^iAo - Ao X^-V) 


s — 1 


< C(M)( 1 
< C{M) 


Vdtv {n ~ 1) 


a-! )(1 


d«-i) 


) 


dolW-iolM 


< C(M) 

H~H !+♦ 


X ( n ) — x^" -1 ) 


s — 1 

H^~H 1 + 5 


H 1 + 6 


Above we use part 3 of lemma [3~5l part 3 of lemma [3771 and lemma [3791 as we did in the proof of proposition 
15.31 In addition 


\\d 3 i\\ R s±i H _ 1 <C(M) 


<9 t f X^ - X^- 1 ) 

< 

f jW _ 

Jo 

77 £ T i 77 1 +'5 

Jo 


s — 1 

H — ~ 


e H !+ s 


<CT e 


X ( n ) — 


<CT e 

h~+ e m+ 5 


X ( n ) — x (n-1) 


F« + ! 


s -1 
2 

e = 0 to obtain 


for 0 < + £ < 1. The estimate for (I 32 is quite similar. Indeed, first we use part 2 of lemma HT~i1 with 


||d 32 || 41 <C S7v {n - l) d t C, {n ~ l \A o X (") - A o X^- 1 )) 


s — 1 


<C{M) fl+ )(1+ a t C (n - 1} a-! ) 

V HS-wJ H^~H° 


AoX (n) -doX *"- 11 




Above we apply part 4 of lemma 15751 and the rest of the estimate follows the same steps. Next we notice 
that dt(A o X(") — A o X( n_1 ))| t= o = 0 and in ^33 we can make use of part 2 of lemma 13711 with e = 0 


since 0 < pp < 1. We have that 


||d33|| ff 4i H _ 1 < C(M)( 1+ 


Vw (n) 


3-1 )(1 + 


(n-1) 


9 i (doX(")-4oX( n - 1 )) 


) 

H^~H 1 + S 


S — 1 ) 

H^~H° 


and therefore, it is enough to estimate ||i9t(X*™) — F)| | «-i . As we did before we obtain 


d t (X^ - X (n-1) ) 


3-1 <CT e 

H^~H° 


<CT e 


fttxW-Xf’ 1 - 1 )) 

x( n ) — x (n_1) 


H S -T-+ e H° 


F s +1 


Finally we estimate d 4 in (17TT) . It is possible to get 
INI^^ < (VvW-V^^AoXW-A) 


a + 1 

H~T~ H -1 


(75) 


< 


<9 t (Vu (n) - W” _1) )(A o X (n) - A) 


H~2~ 77 -1 

By applying part 4 of lemma 13.51 and part 3 of lemma 13.71 we have that 


(Vw (n) - Xw^-^dtA o X (n) 




11 C?411 3+1 < 

+ C(M) 

and we have already seen that then 


9 t Vw (n) - 9 t Vw ( " _1) 

Vw (n) - Vm' 1 - 1 ) 




ioX^ - A 


s — 1 

H~^~ H 1 + s 


3-1 , ) 


\\^\\ h ^h- 

P2.3. Estimate for h (n) - M"” 1 ); 


1 < C(M)T e 


w {n) - u/"" 1 ) 


#frt,s + l 


We split using (15711 and decompose further — h ^ = di + g ? 2 + cfe + ^4 where the differences are 
given by 

d 1 = Vu ( 7 l) (C (n) - C (n “ 1 ) )V. / X( rt )n 0 , d 2 = Vu (n) C ( ” _ 1 ) (V,7X (n) - VjX^Vo, (76) 
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d 4 = V(M n) - u ( ”- 1 ) )(V J X (n - 1) - I)n 0 . 


d 3 = V(u (n) - - IJVjX^-^no 

We estimate as follows. For d\ we find: 

< C Vu (n) 


Mil 


L 2 H B ~ 2 - 


L 2 H b ~2 


< c 

< C{M) 


(dn) _ £(™-!) 
^(™) _ ^“(n-l) 

JfC") — 


(n) 


V K ’ 

L 2 H‘+i 


L oa H B + 1 


VI ( 

L°°H “-i 

x(") 

L°°H S 

< C(M)T* 


l°°h b ~ 2 
L^ffo+i 

x( n ) — x^ n_1 ^ 


i^s + l 


and 


Mil s i < c 

1 l 'H?~1L 2 — 


( Vu (n) 


si + 1 
ff2'4L2 


X 

£(«) _ 

s 1 1 , c l 

VA (n) 



HI _ IHI +< V 



+1 ) 


< C !)W 

< C(M) 

Above we have used (1HH1) . Similarly 

VM n) 

< C(M)Ti 


JJht,s +1 

X( n ) — xd n_1 ) 


£(«) _ M n_1 ) 


X w 


2 + s 


H2~im+ 6 

< C(M)T e 


H2~ZH 2 + s 

X ( n ) — x (n_1) 


i?s+l 


|d 2 | , s i < C 

1 'L 2 H“~2 — 


An- 1 ) 
L 2 H“--5 S 

x(") — x^ ra_1 ^ 


L°°H 1 
F B + 1 ’ 


vx (n) - vx (n-1) 


L°°H a ~? 


and 


M 21 


if5”IL 2 


<c( vM n) . , +1V c (n_1) 

V / V 




+ 1 


VI (n) - vx (n_1) 


1 1 
H 2 ^ 4 H 2 


< C(M)T e 


X (") — x (n-1) 


H’s+I 


For d 3 we find: 

M3 1 


l 2 h“-2 - 


< C 


v(M n) -u (n_1) ) _j_ c (n_1) -i 


L 2 H b ~2 


2 


VI (n) 


l°°h b ~ 2 


< C 

< C{M)T t 


«(") - 


L 2 ff =+ 1 

M n) - u^- 1 ) 


M n_1) - 1 


L°°H S 


X A) 


L°°H S + 1 


jjht,s + l 


and 


Msl - 1 < c 

1 ^ff^-JZ , 2 - 


V(u ( ") -i/"- 1 )) 

< (|vx( 


H 2 - 4 L 2 


C (n_1) -i 


S 1 1 , r 

H 2~4H 2 +d 


1 ..ii, + 1 




_ v (n-l) 


< C 

< C(M)T 

Above we have used Similarly 




C (n_1) - 1 


H2~im+ s 


( *<" 


H2-4H 2 + 6 


+ 


v {n) _ w (n-l) 


J]ht,s +1 


M 4 | i 2 ff s - 2 < C(M)T* 


«(”) - u (n-1) 


, and M 4 | , < C(M)T e 

H ht,s+i ’ 1 il 2 - v ' 


u(") - D (n_1 ^ 


We use the splitting h$ — h^l ^ = d* + ... + dg with 

d\ = (Vv (n) (C (n) - C {n ~ 1) )A o X^)*A~ l o X^XjX^no, 
d* 2 = (Vr( n) ( (n - 1) (A o !<") - A o o l(")V i; X (n) no, 


0 

JJht,s + l 
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( 77 ) 


d* = (Vu ( 7 l) C (n_1) A O X^-^YiA- 1 o X (n) - A- 1 o X ( ”" 1 ) ))V jX (n) no, 
d\ = (Vw (n) C (n-1) 4 O X^-^yA- 1 o X (n_ 1 ) (VjX (Tl) - VjX (n_ 1 ) )no, 

4 = (V(i/ n) - «(”-!))(C^ -1 ) - I)A O X^-^yA- 1 o X^-^XjX^-^no, 
d* 6 = (V(v (n) - v^-^XA o X (n - 1} - A))*A' 1 o X^-^XjX^-^no, 
d* = (V(t/ n > - o X^-V - A-yXjX^-^no, 

d* s = (V(v (n) - v (n ~ 1) )AyA- 1 (V J X^ - I)n 0 . 


Then 


Kl 


L 2 H a ~ 2 


< c 


< c 


Vw ( " 

(n) 


L 2 H a ~ 7 


< C(M) 


L 2 H a + 1 
X (") — 


£( n ) _ £(«-!) 
_ £(«-!) 





2 

1 

H s ~? 


L°°H S ~ 2 

°H S 

JfW 

3 

L°°if s +i 


VI W 




L“ff a +i 


< C(M)T* 


(™) _ 


JTs + 1 


and 


Kl 


H?~1L 2 


<c( Vv^ , , +l") cW-dC"- 1 ) 

V H?-?L 2 / 


si 1 , 


( 


< C'(Af) 

Above we have used (RTS]) . Similarly 


X(") 

x( n ' ) — 


+ 1 


HT-~1H 2 +« 


)( VA ( "> 


s 1 1 , 

H2~AH2^ 


+ 1 


< C(M)T e 


X ( n ) — ( n— !) 


f«+i 


l4U s -i<C(M) 


Vu (n) 


L 2 H a ~? 


^(n-1) 


L°°H S ~? 


x ( n ) — 


L°°H a ~? 


x(") 


< C{M)T* 


( ra ) _ J)f(n-l) 


_ps + l 


and 


Kl 


.i < c 

H?~^L 2 ~ 


( Vv (ri 


H2~iL 2 


+ 1 


)(| C ( n-D 


H2~4H2- 


+ 1 


iW-I 1 "- 1 ) s , ! f I ( 

H2~4H2+ 6 \ 


H2~ZH 2 + e 


+ 1 


x( n ) — x^ n ~^ 


jrs+i 


< C(M)T 

We proceed for and d% as for d% to find 

\dt\ L2Ha - h + K | r2 „._ 4 <C(M)Ti 


1 L 2 H a ~7 
'H%~TL 2 


K| . 4ra + |dJ| . ira <C(M)T £ 


'H2~4L 2 

A similar approach is used to find 

Kl i2ff3 -I < C(M) 


Jf(«) _ («-!) 

JfC”) _ 


_F«+! 
iT’s + l 


L 2 H a ~T- 


C ( ” _1) _i 


L°°H "2 


j(ll*" 


-1) 


L”ff>+i 


+ 1 


< C(M) 

< C(M)T* 


u (n) - t/ n_1 ) 


ic (n) - 10 


L 2 H a + 1 
(n-1) 


C ( " _1) - I 


L°°H S 


Jfht,s +1 


and 


l^y_. 12 <cv(«iW-«("- 1 ) ) 


H2~4L 2 


H^^ini +6 V 




< C(M) 

< C(M)T 


v (n) _ v (n-l) 


«)(") - 




C (n_1) - 1 


h?~?h 2 + s 


flrjfli+f 


+ 1 


1 

7 


tfs + l 
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It is possible to distribute the norms in a similar manner as in d 5 to conclude that 


+ KU*-i + \dl \ L2H ,-4 < W* 

Mel + M?U-i r , 2 + MsL^-i < 


io(") - 


«> (n) - uX"- 15 


'H?-SL 2 1 n H?-SL 2 1 sl L 2 iy 3_ 2 

Next, we deal with — h ( q 1 ~ 1 ' 1 = d\ + d\ + d\ + d\ where 

d\ = ( A - 1 x (n) ) VjX^-^no 

d\ = q^-^A- 1 o X (n) (V,/X (n_1) - VjX (n) )n 0 , 
d\ = (q {n - l) - 9 W)(A _1 o X (n) - A-^VjX^no, 
d\ = [q {n - l) - q^)A-\V, ; X^ - I)n„. 

We start as follows 


fjht,s +1 
fjht,s +1 


Mil 


L 2 H a ~T- - 


< C 


(rt-1) 


(«) _ ( n_1 ) 


< C(M)T 4 


L 2 H“-2 

x ( n ) — 


L°°H a ~2 


VI (n_1) 


L°°H a ~ 2 


]?S + 1 


and 


s c ( 


(n-l) 


H2~iL 2 


+ 1 


^ («) — x^ ra_1 ^ 


S 1 1 , r 

H2~4H2 +d 


( vx ( 


n—1) 


<. 1 i +4 + 1 ) 


< C(M)T e 


X ( ra ) — _y I"- 1 ) 


_ps + l 


Next 


Mil , , 1 < C 

1 2 'L 2 H a ~ 2 ~ 


(n-l) 


L 2 H a ~7 


x(") 


L°°H a ~? 


vx w - vx (n_1) 




and 


Ml 1 


< C(M)T* 


si <c( 

H?~SL 2 ~ \ 


x( n ) — x^" -1 ) 


fi+i 


(ra-1) 


H2~iL 2 


+ 1 


XI* 


H2~4H2- 


+ 1 


vx (n) - vx (n-1) 


Si 1 , 


The next term provides 


Mil 


L 2 H a ~ 2 


< C 


< C(M)T e 


g(") - g (n_1) 


x(") — x( n_1 ) 


L 2 H a ~ 3 


X<"> -■ 






vx (n_1) 


L°°H "2 


<C{M)T?\\qW-q^\\ 


tt nz ,s > 
tl -nr 


and 


Mil , < C 

1 3 'H2 4L 2 ~ 


g (n) - g (n_1) 


H2~4L 2 


x(") - 


( VX<' 


si 3 j 
H2~4H2^ 


- 1 ) 


s 1 l +5 + 1) 

H2~4H2 +d 


< C(M)T*\\qW - gj "- 1 


IT'l 
-T3 r> 


As for g?! we find 


ht,s 


K\ LaH .. i <C(M)Ti\\qM-q(- 
\dl\ Ht . iL2 < C(M)T e ||gW - d n - 1) || H «,s. 


n— 

w M H 


Corollary 5.5 Uj/ f/ie contraction mapping principle, there is a unique fixed point, which is 

o/CHH. 


( 78 ) 


the solution 
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6 Structural stability 

Let us assume that (v, q , X ) is a solution with initial data vq and flo, where C2 q is the projection by P of 
a splash domain. We also assume that ( v' e ,q' e ,X' e ) is a solution with initial data v’ e0 and il e where fl E is 
a translation of Ho of size e, i.e., 

— flo ~f“ eb 

where b is a constant vector, |b| = 1 and such that P~ 1 (H E ) is a good domain. We define (v E ,q E ,X E ) in 
the following way 

v E (a, t) = v' e (a + eb, t), q E (a,t) = q' E (a + eb,t), X E (a,t) =X' E (a + eb,t), 

for a G flo- We choose v' e0 to have v E (a, 0) = Vq( a). Since the change of variables from the variables 
with prime to the variables without prime is just a constant translation, the functions (v E , q E , X E ) satisfy 
(fTTl) - (fTIl) and (fl5l) . However instead of (fl6l) we have that X E (a, 0 ) = a + eb. 

We denote by Q 2 (a) and A E (a) the following functions: 


Q E (a) = Q 2 (a + eb), A E (a) = A(a + eb). 


Therefore, we have 


d t v E - Q 2 e Av e + A* E \7q E = f E in fi 0 
Tr(Vv e A e ) = g E in 
(q E I - (( Vv e A e ) + ( \/v E A E )*))A~ 1 n 0 = h E in 

where 

fe,i — Q o X E (C tE }kjdki y {C )E ')ijdiVi) Q E Av E ^ T (A e ) Okq E Aki o X E (^ E ')jj~djq E 
g E = Tr(Xv E A E ) - Tr(Wv e (iA o X E ) 

h E = q e Aj 1 n 0 - q E A~ 1 o X E X7jX E n 0 + (X7v e ( e A o X e + (\7v e ( e A o X e )*)A~ 1 o X E VjX E n 0 
- (Vv £ A e + (Xv E A E )*)A~ 1 n 0 

We construct <f> E in an analogous way: ensuring that v E = w E + (f> e , with w E = dtw e = 0. This yields: 

ipe = v 0 +texp(-t 2 )(Q 2 £ Av 0 - A* E Vq^ e ), 

where 


-Q 2 E Aq^ E = Tr(X7v 0 A £ X7v 0 A E ) in 
q^A^no ■ A^no) = A E 1 n 0 (Vv 0 A E + ( Vv 0 A E )*)Aj 1 n 0 in dCl 0 - 

Thus, we have the following system: 


d t w E - Q 2 Aw E + A*Xq w>e = f E + f^ E in H 0 , 

Tr(Xw E A E ) = g E + g^ E in H 0 , 

{q w ,J - ((Vw £ d e ) + {Xw E A E )*))A~ 1 no = h E + h^ e on 

where 

ft = -dtte + QlA</> E - AlXq e 

9$,e = -Tr{X^ e A e ) (79) 

h 4>,e = -q<t>,e A ~ l no + ( X(j) e A E + ( S7(j) E A e )*)A~ 1 no■ 
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The next step will be to compare both solutions (w,q w ,X) and (w e , q w>E , X e ). Subtracting one 
equation from the other: 


d t {w - w E ) - Q 2 A(w - w E ) + A*X7{q w - q w>e ) = F e 

Tr(X [w — w e )A) = G e 
{(qw - q w ,e)I - ((V(ui - w e )A) + (y{w- w E )A)*))A _1 n 0 = H e , 

where F E ,G E , H e are given by 

F e =f-fe + f$~ ~ W ~ Ql) A™e + - A E )*Wq w , e (80) 

G e =g-ge + gi~ g^e ~ Tr{Vw e (A - A e )) (81) 

H e =h~h E + hi~ h^ E - q w , e {A~ X - Aj^no - ((Vw £ (A - A e )) + (Xw e (A - A E ))*)A~ 1 n 0 (82) 

- {Xw e A + (Xw e A)*){A~ 1 - Aj^no. 

This means 


(w w E , q w q w , e ) — L ( F e , G e , FL e , 0). 

Taking norms as in the previous section, we obtain the following estimates: 

\\w W E \\H ht < s + 1 T || Qw Qw,e — G (||-£e || H ht ' s ~ 1 T ll^e II “f“ \H E \ ^ht,s- 1 ). 

Our goal is to prove the next lemmas: 

Lemma 6.1 We have the following estimate, for S > 0 small enough: 

||A — ^e||L“H'>+ 1 + ||A — X e \\ H 2 H ~, < Ce + CT s (\\w — w e \\ H ht,s+i + \\X — X e \\ LaoH s+i + ||X — X e \\ H 2 H1 ) 
Lemma 6.2 We have the following estimate, for S > 0 small enough: 

H-^ell// ,i ' t ’ s—1 T II G e T \H E \fb Ce T CT (||uj zc e ||//^t,s+i T \\qw (hjj,e[| Hpr ,s 

+ 11^ ~ X E \\^oa H s+l + \\X — X E \\ H 2 H -y). 

We remark that the constants in the previous lemmas are uniformly bounded if T is bounded above. 
Combining both inequalities, for 0 < T < ^ 2 cy/ s ’ 

\\w ^e || fjht,s+i T- || 9 m q W ' E ^f[ht,s T ||A X E ||i^ooi/s+ i -)- ||Jf X E \\£[ 2 A 2 Ce 
Thus, for 0 < T < 

\\X - X E \\ L ~ H , + i <2Ce, 

and therefore both functions are as close as we want for a time that only depends on the local existence 
time of the solution, but it does not depend on e. We therefore have 


x(n 0 ,t)nx e (n 0 t£ ,t) 

and for e small enough there exists a t s such that 


p-\x e (n 0 , E ,t s )) = p-\x E (n 0 + eb,t s )) 

is a splash domain. Next, we will show the proofs of the lemmas: 
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Proof of Lemma 16.11 We recall that 


—ffff-=A oX e v e , X e (a, 0) = a + eb. 

We can produce the following bounds: 

\\X - X e \\ H s+i(t) < Ce + [ \\AoXv- Ao X E v e \\ H s+i(T)dT 

Jo 

< Ce + \\Ao X - Ao X e \\ L aa H s+it 2 ll'cjl l 2 H s + 1 + m o Xe\\L'x>H‘>+'t*\\'V - II 

< Ce + Cl 5 ||X — X E ||^oo ffs +i + Ct 2 1 |w — w e \\ L 2 H! ,+i + Ct 2 ||0 — 0 E ||^2^3 +i 


We are only left to prove 


110 — 0e || l 2 h s+1 < Ce. 

After doing so, (we take t < 1) we would obtain the estimate 

||Af _ AlgHioo^s + l < Ce + CT 2 (\\X — X e \\ L aa H s+l + || W — W e \\ L 2 H s + l). 
Let’s prove the estimate. We have that 

\\A - A e \\ H r < Ce , II Q 2 - Ql\\ H r < Ce, for all r, 


since Q and A are C°° functions. Thus 
-A(q <t> - q^ e ) = -^—Tr(\7v 0 AX7v 0 A) - -^—Tr(X7v 0 A e X7v 0 A e ) in fl 0 

_ A _1 no(Vwo^ + (Vu 0 A)*)A _1 n 0 A“ 1 no((Vwo^e) + (Vno^e)*)^ 1 ^ 
90 90,e_ l^-^ol 2 lAr'nol 2 

This implies: 


(83) 


(84) 


on <9fl 0 . 


II % - W,elU’-+ 1 < II A(q^ - + \qj, - q<t,, e \ H r+% < Ce, for all r > 0. (85) 

Using the definition of cf, <p E : 


0- 0 e = t exp(—f 2 )((Q - Q e )An 0 - ( A*Xq rj> - A* e Xq^ s )) 

yields 


110 — 0e||l“H s + 1 < Ce, 

for sufficiently smooth vo. 

To get the H 2 H 1 estimate, we find that for all t < 1: 


\X — X S \\ H 2 H -, < Ce + 


< Ce + 


f (A o Xv — Ao X e v e )dr 
Jo 

/ (Ao Xv — Ao X e v e ) — (A — A e )vodr 
Jo 


H 2 m 
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At this point we can use Lemma l3~4l to get 


\\X — X. E 11 h 7 < Ce + C\\A o Xv — A o X e v e — (A — A e )vq\\h^hi 

< Ce + C\\(A o X — A o X e )v\\hihi + C|| A o X E (v — u e )||#i#7 

< Ce + C\\X — X e \\ H i H1 + C\\v — v e \\ H i H i 

< Ce + C\\X — X E \\ H i H i + Clin; — w e \\ H i H -i + C\\(j> — 0 e ||_yi hi- 

Now it is easy to find 

II* ~ *e|| H 2 H~t < Ce + CT S \\X — X e \\ H 2 H ^ + CT s \\w — w E \\ H ht,e+i, 
since || <f>— <f e \\//i n-y < Ce. That way, the lemma is proved. 


( 86 ) 

□ 


Proof of Lemma 1 6. 2[ 

Part I: Estimates for F e : 


We consider first in (15U1) the terms 


~{Q 2 - Q 2 e )Aw e + (A - A E )*Vq WtE . 

Using (1M1) it is easy to check that 

||(Q 2 - Q\ Aiy e ||^,,.-i + ||(A - A E )*Xq W}E \\ H ht,,-i < Ce. 

Concerning /, we split as in (fMl) (ignoring the superindices), with / = f w + f<p + fq- In an analogous 
way, in we consider f E = f WtE + + f q ^ e . 

We then split as: 


f w ~ f w ,e = Q 2 o X(d((dw) - Q 2 Aw - ( Q 2 O X E ( e d(( E dw E ) - Q 2 Aw e ) 

= d e 1 +d e 2 + d e 3 + d e 4 + d e 5 +d e 6 + d\ e , 

with 

d\ = {Q 2 o X - Q 2 o X E )(d((dw), d e 2 = Q 2 o X E (C - (e)d{(dw) 

d e 3 =Q 2 o X e C e d((C - C e)dw), d\ = ( Q 2 o X E - Q 2 )( E d(( E d(w - w E )) 

d e 5 = QUCs - I)d(C E d(w - w e )), d e 6 = Q 2 E d((( E - I)d(w - w E )) 

d\, e = (Q'i ~ Q 2 ) a ™ 

As before, (1M1) yields 


< Ce. 

To estimate dp 1 < j < 6 , we will compare the procedure with the one for dj (l69l) . It is easy to see 
that they are similar, by identifying X n ,( n ,w n with X,f,w and X n ~ 1 ,( n ~ 1 ,w n ~ 1 with X E ,f E ,w E . As 
an illustration, we will discuss d\ with detail. As in the d\ case, we find 

KIIzaf /'- 1 < C{M)\\X — X e \\ L oo H s-i < C(M)\\X — X e \\ L vc H s+i. 

Using (USD , we obtain 


KIU*ff.-i < Ce + CT*(||* - X e \\ L ~ H s + , + ||in - w e \\ L * H . + i) 
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Concerning the H 2 L 2 estimate, we have for 77 > 0 small enough: 

\K\\ H ^ L 2 <c(M)\\x-x e \\ H ^ Hi+v 

< C{M){ \\X — X s \\ L oo H B+l + ||X — X e \\ H 2 H1 ) 

< Ce + CT s (\\w — w e \\ H ht,s+i + ||X — X E \\ LaaH s+i + ||X — X e \\ H 2 H -y), 
by using (EU) and ®. Analogous estimates can be deduced for dj, 2 < j < 6 , achieving 

6 

^ < Ce + CT^dlw — »+i + \\X — X e \\ LaoH s+i + ||X — X e \\ H 2 Hq ) 

i=i 

We next consider 


U ~ /*,e = Q 2 0 X(d((d0) - Q 2 Acj> - {Ql O X^ed^d^) - QlA<t> e ) 
= d e 7 + d e 8 + d e 9 + d% £ + <% >e + dS iE) 

where 


d? = (Q 2 oX-Q 2 oX e )Ca(C^), 
d% = Q 2 oX E ( E d(((-( e )dt), 
di e = -(Q 2 ~Q 2 e )A0, 
We proceed as for d \, . d% to hnd 


d e 8 = Q 2 oX s ((-( E )d((dct>), 
dl e = Q 2 oX e C, E d{Ced^~ct> e )), 
dS ie = -Q?A(0-^). 


9 

< Ce + CT s (\\w — w e \\ H ht,s+i + \\X — X e \\ LooH s+i + ||X — X e \\ H 2 H ~i) 

3=7 

Using the fact that <j> — <f> e is small we obtain 


IMl,ell+ IM4, E ||i? ht ' s -i < Ce. 

As we saw before, identity (1M1) provides 

< Ce. 

We are therefore done with the terms — f^, tE . We now estimate f q — f q , e . We have the following 
splitting: 

fq -f qte = dr+dr+dr+dr+di% 

with 


d\’ e = ((AoX e -Ao X)( E yVq E , d q 2 ’ e = (A o X(( E - C ))* Vq e , 

dr = {AoX-AQ* (Xq E - V<j), 4 e - (A(C - I))*(Xq E - Vg), 

dr = (A-A E yXq e . 

We already know that 

due to ( 1 M 1 ) . 
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The proximity of A* o X e — A* o X and ( e — ( allows us to conclude in an analogous way that 


IMi’ e || j ?'**.*- 1 + IM2’ e |lff'“’S-i — C(M)e + CT s (\\w — w e \\ H ht,s+i + \\X — X e \\ LooH a+i + \\X — X e \\ H 2 H i)- 
Similarly to the case of d\ and d\ in (E3 , we can write 

+ \\dl\\ H Ht,s-i < CT s \\Xq e - Xq\\jjht,a-i 

< CT S (\\X7q WtS — Xq w \\ H ht,s-i + ||V(?0 je — Wq^Wuht.s-i). 

Via the estimate (l85ll we can control ||Vg 0 i£ — Vq$\\ H ht,s-i by Ce which implies that 


IMall-f /'* 4 - 8 - 1 + ll^lll //' 14 . 8 - 1 < + CT s \\q WtE — q w \\ H ht,a. 

With this estimate we finish the control of / — / e . We are left to estimage — f£ e given in (1601) and 
CffiD. Proceeding as before, the control for <j> — <f> ei Q — Q e , A — A e makes us conclude that 

II# - fieWH^s-, < Ce, 


and we are done with F e . 
Part II: Estimates for G e : 


We consider first in (15T1) Tr(X7w e (A — A e )). This term can be estimated using (1571) in a way such that 

\\Tr(Xw e (A — A e )\\jjht,s < Ce. 

Next we consider g — g e . We first estimate the L 2 H S norm, and then we will estimate the H~^~H~ 1 one. 
We have that 


4 

9~9e ='52 d j+ d l,e, 

3 =1 

where 


d\ = —TV(V (v - v E )(( - I)A o V), d e 2 = -Tr(Vu e (C - C e)A o V), 

d e 3 = -Tr(Vv e C e {A oX-Ao X e )), d\ = -Tr(V(v - v e )(A o X - A), 

dl e = -Tr(Vv e (A s -A)). 

It is easy to check using (1571) that \\dl e \\ L 2 H s < Ce. To estimate d? we compare it with (1711) . In an 
analogous way we get 


\\dl\\ L 2 H s < || V(W - W E )( C - I)A O X\\ L 2 H S + ||V(0 - 0 e )(C - I)A o X\\ L 2 H s 
< Ce + CT s \\w — w e \\ H ht,s+i 


For d 2 , we have: 


IMIII L 2 H‘ < C||C - Cell L-H- < C\\X - X e \\ L ~ B . +1 

< Ce + CT 2 (||V — V e || L oo£js+i + ||?u — w e \\^ 2 H a+i), 


using (1551) . The same procedure applied to d 3 yields: 


II^sIIl 2 .?/ 8 < C\\X — X e \\Loc H a < Ce + CT 2 (||X — X e \\ LooH s+i + ||wj — w e \\L2 H s+i) 
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We are only left with d%, but in an analogous way we get 


IMIIU 2 # 3 < C\\V — V e \\ H ht,„ + l ||A ^ 

< CE + CT 3 ||tU — W £ \\Hht,a+l . 


We now move on to the H 2 H 1 


using ([Mil . We now split d{ = d\^ + d 


norm. We consider first 

WdtJ^n^ < Ce, 

12 + d 13’ where 


d\ x = - f Tr(y{d t (v - u e ))(C - I) A o X)dr 
Jo 

d e 12 = - f Tr(V (v - v £ )d t (( ~ I)A o X)dr 
Jo 

d \3 = - / Tr(X(v - v £ )(C - I)d t (A o X)dr 
Jo 

One obtains 


\\d e u\\ H ^ L2 < Wdtiv-V'M-VAoXWn^^ 

< c\Mdt(v - v e )\\ H ^ H _ x lie - i\\ H ^ H1+t 

< CT s \\v — v e \\ H ht,s+i < Ce + CT s \\w — w E \\ H ht,s+i 

Analogously to d ±2 in (1771) : 


< C||V(u - v e )d t (A o X\\ h ^ h _ x 

< C|| V(u - u e )|| ||9tC - fltCUo II - , a + C\\S7{v - v e )|| ^ _ 


< CT d \\v - v e \\ Hht ,s+i 

< Ce + CT s \\w — w e \\ H ht,s+i 

The term d \ 3 is easier to estimate, yielding: 

\\dl 3 \\ h *±i < Ce + CT s \\w — w e \\ H ht,s+i 
In d 2 we split further: d 2 = d 2 1 + d 22 + ^23 + d 2 e> where 

d 2i = ~Tr Xd t v E ((-Ce- re _T ‘V((A - A e )u 0 )j Ao XdT 
d e 22 = -Tr QT Xv E d t (C - Ce - re "" 2 V((A - A E )v 0 )) A o Xdr 

d e 23 = - Tr Qf Vu e (C - Ce - re- r2 )V((A - A e )v 0 )d t {A o X)dr 
d e 2 e = -Tr (Vv E te- t 2 X((A - A E )v 0 )A o a) 

Using (EH) it is easy to conclude that 


\\d e 2e \\ *±1 < Ce. 
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As for g ?2 in (EH), we have that 


3 

Y,W d h\\ H ^ H -i < l|V9 t i; e (C-C e -*e- t2 V((A-A e )i;o))AoA'|| ffi ^ ir _ 1 

j=i 

+ || V« e ft(C - Ce - ie - f2 V((A - A e )v 0 ))A o 
+ ||Vw e (C - Ce - te ~ t2 V((A - A e )u 0 ))d t A o X\\ h ^ h i , 

and therefore 


j=i 


114 


2 ill S + 1 

z ^"h— H 


<C(l + ||Vd^ e || 


s-1 

H~2~ H 


JllC-Ce-te- 4 V((A-A e M|| 


H^~H 1 + r > 


+ C( 1 + - dtCe - 5 t (te-' 2 V((A - A e )^))|| ff ^i i2 

+ (7(1 + IIV^II^^^JHC - Ce - fe- f2 V((A - A £ > 0 )|| H -i i2 
< Ce + CT 5 (||iw — w e ||#ht, s +i + ||X — X e \\ L <x, H ,+i + ||X — X S \\ H 2 H1I ), 


with rj > 0 sufficiently small. In d§ we split it in the following way: 


where 



+ d 


e 

3,£> 


3 =1 


^ 3 i = - [ Tr(Vd t v e ( e(A oI-AoI c - x))dr 

Jo 

^32 = - [ Tr{Vv £ dtCe{A o X - Ao X E - \))dr 
Jo 

d 33 = - [ T r(yv s ( e d t (A o X - A o X e - x))dr 
Jo 

dt, £ = -Tr{Xv e CeX) 

X = A-A e --^(AoX-Ao X e )\ t=0 te~ ±2 . 

We compare here rf| • with dsj in (|74[) and in an analogous way we can bound 

3 

< ||V5 t ^Ce(AoX-AoX £ - x (t))||^ H i 

j=i 

+ II VvedtUA o X - Ao X e - xmin^n., 

+ II ■V Ve Ced t (A oI-4oI e - xm^n^ 

< Ce + CT s (\\w — iw e || ff ht,«+i + ||7T — X e \\ LaaH ^ + ||X — X e \\ H 2 H -t)- 
We further split for d% e into d% e = dl\ + dl e , where 

dll = -Tr(Vv e (Ce - I - <9tCe| t=0 te~*) X (t)) 
dll = -Tr(Vv e (I+ d t (e\ t = 0 te- t2 )x(t)) 

Using that decomposition, cCjy is estimated as before to get 
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||d^|| i±i , < Ce. 

" 6 ’ EU H^ 1 — 


The term d% e is estimated easily using (1571) directly. We have finished with d%. Finally, to deal with 
d% we proceed as for g ?4 in d75l) which would yield 


\\d%\\ a±i , 
11 411 H~H - 1 


< ||5 t (V(u - v e ))(A O X - A)\\ h ^ h i + II V(n - v e )d t (A o 

< Ce + CT s (\\w — w e \\}jht,s+i + ||A — X e \\ L ov H s+i + \\X — X e \\jj2jj-y), 


by using the splitting v — v e = (</> — <p e ) + (w — w E ). This finishes with the control over d% and therefore 
over g — g e . We are only left with the estimate of g L — g^ E given in (15U1) and (1791) . but the proximity 
between (j> and <f> E as well as between A and A e gives us 


\\g- g s \\ H ^i H _ 1 < Ce. 

Part III: Estimates for H e : 

We first consider in (1551) the term 

H e = - Aj x )n 0 - ((Viw £ (i - A e )) + (Vw e (A - A e ))*)A~ 1 n 0 

- ((Vw e A) + (XweAy^A- 1 - A- X )n 0 

First estimate in (1571) yields 


\H e \ Hht , s - h <Ce. 

Next, the use of (1571) . (1551) and the smallness of <j) — <f> e allows us to obtain 

\K - h t,e\ - Ce ' 

It remains to deal with h — h s . As we did in USD, we split h = h v + h v * + h q , and similarly 
h E = h v ^e + h v *^ E + /i g ,e- We estimate first h v — h VjS using the splitting 

h v — h Vt e = d\ + g ?2 + ^3 + d \, 

where 

d\ = Vu(C - Ce)VjXn 0 , d\ = V <eiXjX - VjX E )no , 
dl = X(v - u e )(C e - I)XjX e n 0 , d% = X(v - Ve)(XjX e - I)no, 

in a similar way to G9. As before, we are able to bound as follows: 


+ \d e 2 \ Hht , a . 1 < C(\\X - X e \\ L ~ H . + i + \\X - Xe\\ H 2 H .) 

< Ce + CT s (\\q Wte — q w \\ H ht,s+i + ||A — X e \\ l <x, h *+i + ||AT — A e || ff 2 ff7 ), 

where we have used Lemma IQ Thus, we have obtained the appropriate estimate. Repeating the 
procedure in the splitting (TTfil) to d 2 and <£ 4 , we find 


\dl\ Rhtta _ 1 + \d%\ ffhti3 _ 1 < CT s \\v — v e \\ H M,a+i < Ce + CT s \\w — w e \\H h 


'H 


We split further for h v * — h v » e = V . - d*’ e + V- , d*’t, where 

5 L —.7— J z —.7— 
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d*{ e = (Vu(C - Ce)A O XfA- 1 o XXjXno 
d*T = {S/vCe(A o X - A o Xe ))*^- 1 o XVjXno 
d* 3 ' e = (XvCeA O oX -A- 1 o X £ )XjXn 0 

dT = (VvQA o X^A- 1 o X £ (VjX - X.,X e )n 0 
d? b ' e = (V(v - v e )(( e - I)A o X s )*A~ l o X e X.,X e n 0 
dl ,e = (V(w - u £ )(Al oI £ - o X e VjX e n 0 

d*T = (V(u - tfeJAOV - 1 ° - A-^VjXeno 

dl' e = (V(v - t; £ )A e )M £ - 1 (V J X £ - I)n 0 
d\% = {Xv{A e - A))*A- 1 n 0 
d* 2 ’° = (VvAnA - 1 - A-^no 

The first estimate in (1511) gives us 


K: 


,ei H n 


4 + K: 


> £l H h 


-4 ^ 


and comparing d*’ e with (1771) . using the previous techniques 


E \d*i e \ H ^,s-i <Ce + CT s (\\w - w e \\ H ht,s+i + \\X - X e \\ La . H s +1 + \\X - X^m). 

3 =1 

To finish, we consider — /i g>£ = X^=i d q ' e + d|’ £ , where 

d q { e = q^A- 1 oX e - A- 1 o X)VjX e n 0 
d q 2 e = q e A- x o X(XjX e - VjX)n 0 
dT = {q e ~ q){A~ 1 o X - A-^XjXno 
d q ' e = (q E -q)A- 1 {Vj-I)Xn 0 
d Te = QeiA- 1 - AT)n 0 . 

We can identify this decomposition with the one in (1781) , in such a way that the same estimates yield 


E i<r h 


2 


3 =1 



<C£ + CT s (\\q w 


9u),e||if'“.«- 1 + ||-^ — ^e||z,“H'>+ 1 + ||^ — X E \ \ h 2 H1 ) 


□ 


7 Setting the right initial normal velocity 

We consider the following parametrization of the boundary of Cl: 

z(s ), |z 8 ( s )l=l> 

we also consider a small enough neighbourhood of the boundary, U. In U one can use the coordinates 
(s, A) given by 

x(s, A) = z(s) + A zj-(s). 

The stream function ip, in [/,will be given by 

ip(s, A) =ip 0 (s) + ipi(s)\ + -ip 2 {s)\ 2 
ip(x(s,\)) =ip(s, A). 
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Then we can extend in a smooth way ij) to the rest of the domain 17 and take vq = S/^ip. vo is clearly 
divergence free. 

The initial velocity vq(x) must satisfy 

t (Vv 0 + Vr^)| an n = 0, 

where t and n are the tangential and normal vectors to the boundary of f 1 respectively. 

If T and N are an extension of t and n to U respectively, we can write 

(T (Vc 0 + Vvq) N) |sn = 0. 

We will take 

T(s, A) =x 8 (s, A) = z s (s) + A zj;(s) = (1 - A k(s))z s (s) 

N(s, A) =x\(s, A) = ^(s) x , 


where 

and we notice that 

By defining 
we have that 

Now we can compute that 

And then 


k{s) = z ss (s) • zj~, 

S/ll) O X(s, A) = Zs + z i- 

vo{s, A) = v 0 O x(s, A) 

W(s, A) = 1 ^ kX ^s ^ z s- 

T l diV 3 0 o x(s, A) =d s vfi 3 (s, A) 
N 3 djV q ox(s,X) =d\vo *(s, A). 


T l dy 0 o x{s , A )N* = d s (vo ■ N) - vo ■ N s 
N 3 dy 0 o x(s , A)r = (W • T) - vt ■ T X . 


But 

T \ =zi(s) 

N S =Z ss( S ) = -k(s)z s (s). 


In addition 

Then 

Also 

Therefore 


d s (vo ■ AI)| a =o = dgip(s, 0). 

Vo T = -(1 - Ak)V’a- 
d\ (vq ■ T)|a=o = k(s)5aV'(s, 0) - d\ip(s, 0). 


Finally 

Thus, we have that 


Oo • T a )|a=o = • N s \ x = 0 = ki/; x (s,0). 


9si>{s, 0) - k8 x i/)(s, 0) - d\ip(s, 0) = 0. 

Taking ipi = 0 yields 

d 8 ipo = 1 P 2 (s). 

Just to conclude we notice that vo ■ n\dn = d s i/)o (s). We first pick up i/jq in order to choose the normal 
component of the velocity at the interface and then ip 2 to satisfy the continuity of the stress tensor. 
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